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Abstract. We present a new proof and its generalization of Pinchuk's theo- 
rem of the analytic continuation of a biholomorphic mapping from a strictly 
pseudoconvex real-analytic hypersurface to a compact strictly pseudoconvex 
real-analytic hypersurface. 
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0. Introduction and Preliminary 

The main purpose of this article is to present new proofs and their general- 
izations of the following three theorems concerning the analytic continuation of a 
biholomorphic mapping on a strongly pseudoconvex analytic real hypersurface. 

First, we concern Vitushkin's theorem of a germ of a biholomorphic mapping(cf. 
IVi) as follows: 

Theorem 0.1 (Vitushkin). Let M, M' be two strongly pseudoconvex analytic real 
hypersurfaces in C n+1 andp,p' be points respectively on M,M' such that the germ 
M at the point p and the germ M' at the point p' are biholomorphically equivalent. 
Then there is a positive real number S depending only on M, M' and p, p' such that 
a biholomorphic mapping <f> on an open connected neighborhood U of the point p is 
analytically continued to the open ball B(p; S) as a biholomorphic mapping whenever 

<j){p) = p' and 4>{U n M) C M'. 

Next, we concern Pinchuk's theorem of the analytic continuation of a biholomor- 
phic mapping on a spherical analytic real hypersurface (cf. [FJ, [CJ]) as follows: 



Theorem 0.2 (Pinchuk, Chern-Ji). Let M be a spherical strongly pseudoconvex 
analytic real hypersurface in C" +1 , U be an open connected neighborhood of a point 
p € M, and <f> be a biholomorphic mapping on U such that <f)(U f] M) C S 2n+1 . Then 
the mapping <f> is analytically continued along any path in M as a local biholomorphic 
mapping. 

Finally, we concern Pinchuk's theorem of the analytic continuation of a biholo- 
morphic mapping on a nonspherical nondegenerate analytic real hypersurface(cf. 
0, dy|) as follows: 

Theorem 0.3 (Pinchuk, Ezhov-Kruzhilin- Vitushkin). Let M,M' be nonspherical 
strongly pseudoconvex analytic real hypersurfaces in <C n+1 such that M' is compact. 
Suppose that there are an open connected neighborhood U of a point p G M and a 
biholomorphic mapping cf) on U such that 

<j>(MnU) CM'. 

Then the mapping <f> is analytically continued along any path on M as a local bi- 
holomorphic mapping. 

In the following subsections, we provide some preliminary results from the papers 



|Pa2| and | Pa3 |. We have attempted to present the results of this paper in the 18th 
DaeWoo Workshop at Hanseo University, Korea. The short outline of the main 
results in this article shall appear in the proceedings of the Daewoo Workshop. 

0.1. Existence and uniqueness theorem. We take a coordinate systime of C™ x 
C as follows: 

z = (z 1 , • • • , z n ) , w = u + iv = z n+1 . 

A holomorphic mapping cp in C n x C consists of (n + 1) holomorphic functions 

f = (f\...,n, g ^r +i . 



We keep the notations 



(z, z) = z l z l 
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and 



A = 



d 2 



d' 2 



ifi 



dz x dz x dz e dz e dz n &z"-' 

Then it is known that a nondegenerate analytic hypersurface M is locally biholo- 
morphic to a real hypersurface of the following form(cf. JCM[ , [Pa2]): 



v = {z,z) 



^2 F st (z,z,u) 



s,t>2 



where 



AF 22 = A 2 F 23 = A 3 F 33 = 0. 



We shall denote by H the isotropy subgroup of a real hyperquadric v — (z, z) such 
that 

p 0\ (Uz,Uz) = sign(p) (z,z), aeC", 

II={\ -j\p~\Ua y/\p\U : P^O p,reR 

-r — i(a, a) 2ia) 1 / a) = I a 1 , ■ ■ ■ , a e , — a e+1 , • • • ,—t 



Theorem 0.4 (Chern-Moser). Let M be a nondegenerate analytic real hypersur- 
face in C™ +1 defined near the origin by the equation 



(0.1) 
where 



F 



v = (z,z) + F(z,z, u) 



(z,z,u) = o Hzi| 2 H h \z„\ 2 + \w\ 2 ) 



Then, for each element (U, a, p, r) € i7, there exists a unique biholomorphic mapping 
4> = (/j 5) ^ear i/ie origin which transforms M to a real hypersurface in Chern- 
Moser normal form such that 

dj_ 
dz 



= r \°t 

dw 



aw 



= -Ca 



= p, Re 



I 3w 2 



2pr 



where the constants (U, a, p, r) shall be called the initial value of the normalization 



We present a brief outline of the proof of Theorem 0.4(cf. [CM], [Pa2|). First of 
all, we show that there is a biholomorphic mapping 

[ z = z* +D(z*,w*) 
\ w = w* + g(z* ,w*) 

which transforms the equation (0.1) to an equation of the form 



Then we set 

p(u) = D(0,u) 

and we verify that the functions 

D(z,w), g{z,w), F* t (z,z,u) 
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are uniquely determined by the function F(z,z,u) and p(u) whenever we require 
the following normalizing condition 



g(0,u) = -g(0,u). 
Further, the functions 



d^D 



dz 1 



d w 



dz 1 



d \i\+\J\F» 



dz I dz J 



z=v=0/ 

depend analytically on u and p(u), rationally on p'(u), and polynomially on the 
higher order derivatives of p(u). 

At this point, we need an operator tr introduced by Chern and Moser as follows: 

1 " / r) 2 F* \ 

where 



)z a z fi 



F* 1 (z,z,u)= ^ h a p{u)z 

a, 0=0 

and (h a P{u)) is the inverse matrix of (h a p(u)) ■ Then we show that the equation 

(tr) 2 F 2 * 3 (z,z, U ) = 

is an ordinary differential equation of the function p(u) as follows: 

p" = Q{u,p,p,p',p'). 

Hence, for a given value p'(0) = D w (0, 0) € C", there is a unique biholomorphic 
mapping cf>i which satisfies the normalizaing condition and which transforms the 
equation (0.1) to an equation of the following form 

(0.2) v = F* x (z, z,u)+ ^2 F st ( z > ^ u ) 

s,t>2 

where 

(tr) 2 F 2 * 3 (z,z, U ) = 0. 

Note that, for a biholomorphic mapping <j>, 0(0) = 0, near the origin, there is a 
unique decomposition 

(j) = (f>2 ° 01 

where 

z = z* +D(z*,w*) 
w = w* + g(z* ,w*) 



z* = yj sign{q' (0)}q' (w)E(w)z 
w* = q(w) 

and where the function D(z, w), g(z, w), E(w), q(w) are complex analytic such that 

D(0,0) = D x (0,w)=0, ,g(0, 0) = g (0) = 



.9(0, u) = -,g(0, u), q{u) = q{u) 
det£(0)^0 dctq (0)^0. 
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Let (j) be the biholomorphic mapping which transforms the equation (0.2) to a 
defining equation satisfying the following condition 

v = (z, z) + ^2 Gst {z, z, u) 

s,t>2 

where 

A 2 G 23 (z,^,u) = 0. 
Then there is a unique decomposition of a biholomorphic mapping 4> such that 

<t> = 4>* o 0! 

where 



-* . f Z* = ^ S ign{q>(0)}q>(w)E(w)z 
\ w* = q(w) 



and 

F^ {z,z,u) = sign{q'(0)}(E(u)z,E(u)z). 
Second, we take a matrix valued function Ei(u) such that 
Fi! (z,z,u) — (Ei(u)z, Ei(u)z). 
Then there is a biholomorphic mapping 

z* — E(w)z 



y 2 , 

W = W 

which transforms the equation (0.2) to an equation of the same form 
v* = (z*,z*) + ^ G «* { z *,z*,u*) 

s,t>2 

where 

A 2 G 23 (z,z,u) = 0. 

Further, the function E(u) is uniquely determined up to a function U(u) such that 

E{u) =U(u)E 1 (u) 

where 

(U(u)z,U(u)z) = (z,z). 

Then we show that the equation 

AG 2 2 {z,z,u) = 

is an ordinary differential equation of the function U(u) as follows: 

U{u)- l U'{u) = R(u). 

Hence, for a given value C^(0), there is a unique biholomorphic mapping <p2 which 
transforms the equation (0.2) to an equation of the following form 

(0.3) v = (z,z) + ^ G st {z,~z, u) 

s,t>2 

where 

AG22 (z,z, u) — A 2 G 2 3 {z, z, u) = 0. 
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Third, we show that there is a biholomorphic mapping 



z* = y /sign{q , (0)}q'(w)z 
w = q(w) 

which transforms the equation (0.3) to an equation of the same form 

v* = (z*,z*) + Y^ G* st {z*X lU *) 

s,t>2 

where 

AG* 22 (z,z, u) = A 2 G* 23 (z, z, u) = 0. 
Then we show that the equation 

A 3 G* 33 (z,l,u) = 
is an ordinary differential equation of the function q(u) as follows: 

q"' 1 fq"^ 2 



3g' 2\ q >J K{u) - 

Hence, for given values </(0),(7"(0), there is a unique biholomorphic mapping <f> 3 
which transforms the equation (0.3) to an equation of the following form 

v= (z,z)+ ^ G* st {z,z,u) 

s,t>2 

where 

AG 22 (z,z, u) = A 2 G 23 (z, z, u) = A 3 G 33 (z,z, u) = 0. 

Thus the existence and uniqueness of the biholomorphic mapping <fr have been 
reduced to the existence and uniqueness of solutions of the ordinary differential 
equations, where some constants U, a, p, r appear as the initial values of the solu- 
tions. 

In the paper [ Pa2 ] , we have showed that there exist a family of normal forms as 
follows: 

" ln 73I^777Y+ E F -* (*.*»«) 

s.t>2 



V 

Aa 1 — 4a{z, z) 



where a,/5el and 

AF 22 = A 2 F 23 = 
A 3 F 33 = /3A 4 (F 22 y 

In the case of a = 0, we assume 



u = (z, z) + ^ F $t ( z > Z ' ' 



s,t>2 

The value (a, /?) is called the type of normal form. Chern-Moser normal form is 
given in the case of a — f3 — and Moser-Vitushkin normal form is defined by 
taking a^0 and (3 = 0. 

Then each normalization of a real hypersurface M to a normal form of a given 
type (a,P) is determined by constant initial value parameterized by the local au- 
tomorphism group H of the following real hypersurface 

1 , 1 



v 



= -r-ln 



4a 1 - 4a(z, z) 
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which is locally biholomorphic to a real hyperquadric. 

Theorem 0.5. Let M be a nondegenerate analytic real hypersurface defined by 



v = 22F k (z, z, ■ 



k=2 

Then there exist unique natural mappings for each fc > 2 such that 
v : {Ft (z, z, u) : I < k} x H x M 2 i — ► (/ fc _ x (z, w) , g k (z, w)) 
K : {Ft (z,z,u):l<k}xHxR 2 \ — > F^ (z,z, u) 
such that, for a given a £ H and a, /3 £ R, the formal series mapping 

(oo oo \ 

^2 fk (z,w) ,^2 g k (z,w) \ 
fc=l fc=2 / 

is a biholomorphic normalization of M with initial value a € H and 



v = (z, z) + ^ K ( z , Z i u ) 



fe=4 

is the defining equation of the real hypersurface <fi (M) in normal form of type (a,/3). 

Then we obtain the following theorem 
Theorem 0.6. Let M be a nondegenerate analytic real hypersurface defined by 

oo 

fe=2 

and 4> = QZfc /fcj Tlik 9 k ) ^ e a normalization of M such that the real hypersurface 
4>{M) is defined in normal form of type (a,/3) by the equation 

oo 

v= (z,z)+J2f^(z,z,u). 

fc=4 

Then the functions fk—ii9k]F£, k > 3, are given as a finite linear combination of 
finite multiples of the following factors: 

(1) the coefficients of the functions Fi, I < k, 

(2) the constants C, C _1 , p, p~ l , a, r, a, /3, 

where (C,a,p,r) are the initial value of the normalization <j> and a, (3 are the pa- 
rameters of normal forms. 



0.2. Equation of a chain. In the proof of Theorem 0.4, we have a disting uished 
curve 7 on M, which is named a chain by E. Cartan | Caj and Chern-Moser |CM|. 
Suppose that there is a nondegenerate analytic real hypersurface M defined near 
the origin by 

v = F(z,z,u), F\ = F z \ = F-\ Q = 0. 

Then there exists an ordinary differential equation 

(0.4) p" = Q(u,p,p,p,p) 

such that a chain 7, passing through the origin £ M, is given near the origin by 
the equation 

z = p(u) 



'•y 

1 w = u + iF (p(u) ,p(u) , u) 
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where p(u) is a solution of the ordinary differential equation (0.4). 

The explicit form of the equation (0.4), which depends on the function F (z, z, u) , 
is quite complicate(cf. JCMf ], ]Pa2j ). Roughly, the function Q in (0.4) is given as 
follows: 

(0.5) Q(u,p,p,p' ',p') = {A x - A 2 AT 1 M)- 1 {B - A 2 AT 1 B) 

where 

(1) Ai,A 2 ,B are functions of u,p,p, p',p', 

(2) A\ , A 2 are n x n matrices respectively given by 

[Ai(u,p,p,p',p')]a/3 
= \2iF fm + 2(1 + iF'Y 1 (F'p + iF"F p ) F«} x 

{1 - i (1 + iF') F^p 1 ' + i (1 - iF') Erf* + F' 2 } 
-i (1 + iF') F x {2iF-^' + 2F"F« + 1 (1 + iF') F^ 

+2 (1 + iF')" 1 Fs (F'y 1 + iF".F 7 p>" + iF"F lP ~') } 



and 



[^2(u,P,P,p',p')]a/3 

= 2iF"(l+iF) _1 F s FgX 

{1 - * (1 + iF') F lV i' + i (1 - iF') F-j^' + F' 2 } 

-t (1 - iF') Fg x {2iF^' + 2F"Fj + » (1 + iF') FL 

+2 (1 + iF'Y 1 F w (Fy + iF"F lP ~<' + iF"Fjp~') } 



where 



F Q = 



= f^L) („(,,)_ ji(u). 7/+ P+= I ^£ I 






- ) (p(«) , p(«) , u) , Fg = I -^ J (p(«) , p(u) , u) 

'\ ^ f d 2 F\ 

-)(p(u),p(u),u), F" = - I -q-2 j (p(u),p(u),u) 

K = (^) W«).P(«).«). F ^= (a£|?) Cp(«).K«).«), 

(3) F is a n x 1 matrix given by at most cubic polynomial with respect to p' ,p' 
such that B is a finite linear combination of multiples of the derivatives p' ,p' 
and the following terms: 

/Q\I\ + \J\+rnp\ 

l dz!dz J d U ™ ) iP{UinU),U) i °*\ I \ + \ J \+ m < 5 

and 

det {(1 - iF'f F alj - i (1 + iF') F' a F-p + » (1 - zF) F^F Q + 2F"F a F^} 

On the real hyperquadric v = (z, z), the chain 7 is locally given by 

7 • J z = P( M ) 

1 71; = u + i{p(u),p(u)) 



MAIL YOUR COMMENTS TO WONNIEPARKOPOSTECH.AC.KR 



where p(u) is a solution of the ordinary differential equation(cf. 

2ip'(j>',p')(l + 3i(p,p')-i(p',p)) 



P = 



(1 + i(p,j/) - i{p',p)) (1 + 2i(p,p>) - 2i(p',p)) ■ 

Further, the chain 7 on a real hyperquadric v — {z,z) is necessarily given as an 
intersection of a complex line(cf. [|CM| , [ Pa2 |). 

Then we may define a chain 7 globally. Let M be a nondegenerate analytic real 
hypersurface and 7 : (0, 1) — * M be an open connected curve. Then the curve 7 is 
called a chain if, for each point p € 7, there exist an open neighborhood U of the 
point p and a biholomorphic mapping <p which translates the point p to the origin 
and transforms M to Chern-Moser normal form such that 

4> {u n 7) c {z = v = 0} . 

An alternative definition of a chain 7 may be given through the intrinsic geometry 
of nondegenerate real hypersurfaces(cf. |Ca[, |CM|, [Ta|). 



1. NONSINGULAR MATRICES 

1.1. A family of nonsingular matrices. 
Lemma 1.1. Let A m be a matrix as follows: 



( 

77! 

m 



3m — 3 
1 



\ 




3to / 



\ 

Then the eigenvalues of A m are given by 
3m m — 2s 

Proof. We consider the following system of first order ordinary differential equa- 
tions: 



TIT for s = 0, • • 



, m. 



V = z 

z' = 3z + 2y. 
Then the general solutions y, z are given by 

y(i) = c ie tAl +c 2 e* A2 , 
(1.1) z(£) = Cl Aie tAl +c 2 A 2 e tA2 , 

where Ai, A 2 , Ai 7^ A 2 , are the two solutions of the quadratic equation: 



3x 



0, 



and ci, c 2 are arbitrary real numbers. 

We take nonzero constants c\, c 2 so that y(t), z(t) are linear independent. Then 
we obtain 



(1.2) 






C1A1 



f'2 
C2A 2 



y(t) 

z{t) 
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We consider a real vector space V generated by the following elements: 

y m-s z s for s = , l,..., m . 

By the equalities (1.1) and (1.2), the vector space V is generated as well by the 
following elements: 



(1.3) 

We put 



exp£(sAi + (m — sjXz) for s = 0, 1, • • • , to. 



( e tmXl \ 

e t((m-l)Ai+A 2 ) 



Bi = 



?/"' 




\ 


y m- 


1 Z 




yz m 


-1 




z m 




/ 



and B 2 



V 

Then it is verified that 

( 2 

m 3 4 



(1-4) -^ 






e «(Ai + (m-l)A 2 ) 
( g tmA 2 



o \ 



77i — 1 6 6 







and 






V o 

/ mXi 

(m-l)Ai + A 2 

V 



2 3?7i — 3 2m 
1 3m / 



Si, 



o \ 



Ai + (m-l)A 2 

mA 2 / 



So 



Hence the derivative ^ is an endomorphism on V' and the vectors in (1.3) are 
the eigenvectors of the endomorphism -i . Thus the matrix A m has eigenvalues as 
follows: 



where 



sAi + (m — s)X'2 for s = 0, 1, • • • , m 



This completes the proof. 



□ 
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Lemma 1.2. Let B m be a matrix as follows: 



( 1 2 

m 7 — m 



B,: 



in 







to — 1 10 — TO 6 



V o 



2 2m + I 




m + 1 \ 




2to 



1 2to + 4 / 



Then the matrix B m is nonsingular. 
Proof. We easily verify that 

(1.5) det B m = - det C n 

where 

/ 4-to 2 



L'm — 



TO 7 — 771 







V o 



777—1 10 — 777 6 



\ 







2 2to + 1 2to 

1 2w + 4 ) 



Note that 
(1.6) 



C m — A m — (TO — 4)7d( m + 1 ) x ( m+1 ). 



By Lemma 1.1, the eigenvalues of the matrix A m is given as follows: 
3to m — 2s 



17 for s = 0, • • • ,777. 



2 2 

Thus the eigenvalues of the matrix C m is given by 

777+8 777 — 2s 



V 17 for s = 0, • • • ,777. 



The matrix C m does not have as its eigenvalue. Therefore the matrix C m is 
nonsingular, i.e., 



det C m ^ 0. 



By the relation (1.5), 



det_B„ 



1 



■detC m ^0 



so that the matrix B m is nonsingular. This completes the proof. 



□ 
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1.2. Sufficient condition for Nonsingularity. 

Lemma 1.3. Let A(m), to G N, denote the function defined as follows: 



A(m) = ^ 



fe=0 



where 



Then 



(T) f A 2 \ fc / -A! 

fcAi + (m-/c)A 2 - (m-4) VA 2 - Ai/ \ A 2 - Ai 



. _ 3- y/vf . 'i + Vrf 

•*1 — 7. ! A 2 — . 



i—k 



det E m (m + 1) 
det E m (m) 



Aim)- 1 



whe 



E m {m + 1) 



( 4-m 2 

m 7 — to 4 




and 



E m (m) 



V 
/ 7-to 4 

771—1 10 — TO 6 





2 2to+1 
1 



\ 





2to 
2to + 4 ) 

\ 







V o 



2 2to + 1 2to 

1 2to + 4 ) 



Proof. We easily see that 



det-E m (TO + 1) 



det E m (to) 
if and only if the following matrix is singular: 
/4-to-e 2 

TO 7 — 771 4 

TO — 1 10 — 777 6 



\ 







V 







2 2to + 1 2to 

1 2to + 4 / 



Then, by the equalities (1.4) and (1.6), there are constants c s , s = 
which are not all zero and satisfy the following equality: 

m — 1 j T 

(1-7) E 



,777- 1, 



s=0 



,. | ^.s^m-s -t(m-4) 

Cs dt XV 



(II 



rn g -t(m-4) 



£y m e -t(m-4) 
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l.'i 



whenever 



det E m (m + 1) 



det E m (m) 
By the expression (1.1), we obtain 

y m e -t(m-4) = ( Cie *Ai + C2 e* A ^m e -t(m-4) 

m 

k 



V^ [ m \ c k c m-k e tkX 1 +t(m-k)\ 2e -t(m-4) 

k=0 



E 



k „m — k tk\ 1 +t(m—k)\ 2 p —t(m—4) 



m \ c{c 2 e 



d 

dt 1 ^ \ k ) fcAi + (to - fc)A 2 - (m - 4) 



By using the expression (1.2), we obtain 
(1.8) 



ra—k 



m e -t(m-4) 



{/ \ k / \ ra—K. 

m (m\ I \iy-z \ I -Xiy+z \ -i(m-4) 

Y^ \k) \\ 2 -\i ) \ A2-A1 ) 
2--I k\i + (m - k)X 2 - (m - 4) 



Because the derivative 4: is an isomorphism, the equalities (1.7) and (1.8) yields 



(1.9) 



E c ^ 

s=0 



k=0 



(ra\ ( X 2 y-z \ S -\iy+z \ 
\kJ \X2-X1J \ A2-A1 J 



ra — k 



. k 7 \ A2 — Ai 

fcAi + (m - k)\ 2 - (m - 4) 



We easily see that the equality (1.9) is satisfied by some constants c s only if we 
have the following equality: 



ra\ / A 



i-*E 



(?) 



fe / \ m—k 

' ^Aj_ 



fe=0 



fc/ \ A2 — Ai J \ A2 — Ai 



fcAi + (m - fc)A 2 - (m - 4) 



Thus we have 



e = A(m) _1 . 



This completes the proof. 



□ 



Lemma 1.4. Let B m (2), m > 3, and B m (3), m > 4, &e matrices as follows: 



B m {2) = 



( 2 3 4 

771 — 1 7 — 777 6 

777 — 2 10 — 777 



V 



777 777 + 1 \ 







2 2m + 1 2to 

1 2m + 4 / 
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and 



Bm(3) 



/ 3 4 5 ■■■ 

m-2 10-m 8 

m — 3 13 — 771 10 



m to + 1 \ 





V o 





2 2m + 1 2m 

1 2m + 4 / 



Then 



dct B m (2) ^ i/ and on^ i/ A(m) _1 7^ 4, 
det -B m (3) 7^ if and only if A(to) -1 7^ — -(to — 3). 



Proof. We easily verify that 



where 



^m(2) 



detB m (2) = -detC ro (2) 



/9-to 4 

TO — 1 10 — 771 6 

777—2 13 — 777 



\ 







: ' ' • 2 2m + 1 2to 

\ • • • 1 2to + 4 j 

Note that 

detC m (2) = 
if and only if there arc numbers c\ 1 ■ ■ ■ , c m _i satisfying 

/ 9-to 4 ■■■ \ 

m — 1 10 — to 6 ' • : 

to- 2 13 -m 8 





\ 
Then we easily see 

/ -m 2 

777 7 — 777 4 

777—1 10 — 777 6 



/ 1 \ 



2 2to + 1 2to 

1 2m + 4 / 

\ 



0. 







V 



2 2to + 1 2to 

1 2to + 4 / 



\ c m _i / 



( - \ 

m 

1 

C\ 



\ c m _i / 
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so that 



det 



/ -to 2 

TO 7 — TO 4 

m — 1 10 — 771 6 



\ 







V o 



2 2to + 1 2to 

1 2to + 4 / 



Hence, by Lemma 1.3, we verify that 

det73 m (2)^0 
if and only if 

A(to)- 1 ^ 4. 
For the case of B m (3), we easily verify that 



where 



C m (3) = 



det-B m (3) = ~detC ro (3) 



/ 14 -to 6 

to — 2 13 — to 8 

to — 3 16 — to 10 



\ 







\ o 

Note that 

detC m (3) = 
if and only if there are numbers c±, ■ ■ ■ , c m _2 satisfying 

/ 14 -to 6 ••• °\ 

to — 2 13 — to 8 

to — 3 16 — to 10 



2 2m + 1 2m 

1 2m + 4 / 



V o 





2 2m + 1 2m 

1 2m + 4 / 



/ 1 \ 



\ Cm-2 / 
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Then we easily see 

/ f 2 

m 7 — m 4 

771—1 10 — 777 6 



\ 







V o 



2 2m + 1 2m 

1 2m + 4 / 



/ 24 v 

m(m— 1) 



4 

771—1 

1 



= 



so that 



det 



/ f 2 

777 7 — m 4 

777—1 10 — 777 6 



\ C m _ 2 / 

\ 







V o 



2 2m. + 1 2m 

1 2m + 4 / 



= 0. 



Hence, by Lemma 1.3, we verify that 

det£ m (3) ^0 
if and only if 

A(m)-V-^(™-3). 
This completes the proof. 
1.3. Estimates. 

Lemma 1.5. For any two positive integers p, g, the inequality 

P 



17- 



> 



17g 2 



is satisfied. 
Proof. Note that 



VT7-P 
q 



p 2 - 17q 2 



9 



> 



17 + £ 

9 



D 



Let c be a positive real number. Then we consider integer pairs (p, q) such that 



Vu- P - 
q 



< 



l 



which yields 



17 



■_ 2v / 17 + 



< 2\/l7+-. 

c 



17- 
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Thus the inequality 



17 



q 



> 



1 

cq 2 



is satisfied for all integer pair (j>, q), q > 1, by any positive real number c satisfying 

2VT7+-, 



i.e., 



c> VTf + VT8 = 8.3657 . 



This completes the proof. 



Lemma 1.6. Let i*i(m) 6e a function of m G N defined by 



Fi(m) = 192m 3 



A, 



[0.7m] 



Then 



[0.7m] / VA2-A1. 



-Ai 



A2 — Ai 



m— [0.7m] 



w/ienever 

m > 100 and fc > m + 11. 
Proof. We easily verify that 



Fi(m + 1) 
Fi(m) 



A, 



1 



1 



m + 1 



whenever 



and that 



whenever 



Fi(m+1) 



A2 - Ai7 V^ ' m J [0-7m] + 1 
[0.7m] ^ [0.7m + 0.7] 
-Ai 



1 

1 + — 



Fi(m) VA2^Ai/ \ mJ m — [0.7m] + 1 



m + 1 



[0.7m] = [0.7m + 0.7] 
Then we obtain the following estimates: 



F^m + l) < W { A 2 



whenever 



and that 



whenever 



Fi(m) 7 \A2 — Ai / V m 



[0.7m] ^ [0.7m + 0.7] 



Fi(m + 1) 10 ( -Ax 



Fi(m) " 3 \A2-Ax 

[0.7m] = [0.7m + 0.7] 
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Hence we obtain 

Fi(m + ll) 



Fi(m) 



Note that 



and 



< 



10 



Fi(m + ll) Fi(m + 1) 

_____ x ••• x 

10 10 / A 2 



3 3 7 7 VA 2 -Ai 



Fi(m) 
-Ai 

Ao — Al 



-Ai 



3 VA2-A1 



< 



10 



7 VA2-A] 



1 + — 



0.7x1 = 0.7, 0.7x2 = 1.4, 

0.7x3 = 2.1, 0.7x4 = 2.8, 

0.7x5 = 3.5, 0.7x6 = 4.2, 

0.7x7 = 4.9, 0.7x8 = 5.6, 

0.7x9 = 6.3, 0.7x0 = 0. 



Thus we have the following estimates: 



Fi(m + 12) 



Fi(m 
Fi(m + 



14) 



Fi(m 
Fi(m + 



16) 



Fi(m 

F 1 (m + 



Fi(m 
Fi(m + 



Fi(m 



< r/rfi + — 

to 



< A 8 B° I 1 + — 
m 



14 



< A 9 B 6 [1 



18) 



20) 



16 
m 

< A W W | 1 + — 

771 

' .i U) _" (:i+ — 

TO 



<A 8 B 4 


fi + H 

\ to 


< A 9 B 5 


( 1 + - 

\ TO 


<A 9 B 7 


(i + H 



Fi(to + 13) 
Fi(to) 

Fi(to+15) 
Fi(to) 

Fi(to+17) 
Fi(m) 



F 1 (m + 19 )< aWb8 ( 1+ 19 

to 



Fl(to) 
Fi(m + 21) 



Fi(to) 



< .\ :i, B H > | 1 + — 

771 



where 



A = H 



Ao 



£ = ^ 



-Ai 



7 \A2 — Ai/ 3 \\2 — Ai 

Then the straight forward computation yields 

11 12 13 



65 > max 



A-iB-i-1 A-iB-i-1 A~lB~l - 1 

14 15 16 



A-iB-i-l' A-lB-l-l' 4-S_-S-l' 

17 18 19 



*9_7 „ ) . 10 _ 7 . ) .10_8 „ 5 

i-iB-3-1 A--B-4-1 A--B-4-1 



20 



21 



. 10 „ 9 _. > . 10 „ 10 . 

A - — S _ 4 - 1 A - — B~— - 1 



so that 



Fi(fc) < Fi(to) 



MAIL YOUR COMMENTS TO WONNIEPARK@POSTECH.AC.KR 19 

whenever 

to > 65 and fc > m + 11. 
This completes the proof. □ 



Lemma 1.7. Let A(to) be the function defined in Lemma l.S. Then 



Aim)- 1 ^4,--(m-3) for all 



m. 



3 V 
Thus the matrices B m {2), to > 3, and B m (3), to > 4, are nonsingular. 

Proof. We define a function J m as follows: 

A(to)- 1 = (4-to)(1-^„ 1 ) 



so that 



(4 - to)A(to) 
= (1 - 6m)- 1 



m — k 



_ (T) (a 2 - 2 aJ (a 2 -aJ 

*> ' i / ' i k mAi /i fc \ roA 2 

' m m— 4 ^ m> m— 4 



where 



fc=0 



2 
A 2 = *±^ =3.5615.. 



3 + V17 0.8638. 



A 2 - Ai 2v / l7 

-Ai -3 + yT7 

A 2 - Ai 2 V / 17 



0.1361. 



Note that 



E 



i \ ( -Ai \ / A 2 - Ai 



x fc/ \A 2 — Ai/ V-^2 ^ Ai/ V,A 2 — Ai 

Thus the summation (1.10) is an average of the function 

1 to — 4/fc 1 to - 



^m^A,™^,^!) to\/17 W 2 2to\/17 

m — 4 m m— 4 v m ' v \ v 

under the binary distribution 



\/ \ \ k / x \ m — k 

to\ I M \ I — Ai 



fcy \A 2 — Ai y \A 2 — Ai 
In the equation (1.10), the function 

1 



(1-11) 5 ; 

m— 4 m— 4 V / 

has a singular point at the value 

m + 8 + rnVTT 



2toV17 
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But we easily see that 



for each k = 0, • • ■ , to. 
Then 



k to + 8 + my/Vl 
to ^ 2mVl7 



(1 - 6 m )~ x - 1 

m J 1 _ 3 

E m 2 2VT7 
_fc_ _ 1 _ m+8 
/c=0 m 2 2m v / 17 



A2 — Ai / V A2 — Ai 



-Ai 



For to > 13, we have 



(1.12) 



1 to+8 „„ 1 3 

2 2to v / T7 2 2 V / 17 



so that 



1 k 


1 

2 " 


3 


\~^ 1 m 


2Vl7 


2^1* 


1 
2 


m+8 


^— ^ m 


2mVl7 



K J y A2 — Ai / y A2 — A 



-A x 



ra — k 



[0.7m] Ik, _ 1 _ 3 

E| m 2 2Vl7 

I k 1 



k — U m. 



m+8 



m 2 2m v / 17 



k J V A2 — Ai y V A2 — A 



-Ai 



i — k 



m 2 2VT7 



fc=[0.7m] + l 



m+8 



m 2 2mv / 17 



k) V A2 — Ai/ VA2 — A 



-Ai 



\ — k 



where the first summation contains the singular terms as m — > 00. 
By Lemma 1.5, we have the following estimate: 



k_ _ 

m 


1 
2 


m+8 



34to 



(1.13) 



(to + 8) 
< 17 to(to + 



fTn 17(2fc-m) 
V 17 777+8" 
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By the inequality (1.12) and the estimate (1.13), we obtain 



E 

k=Q 



"i 2 2 v / l7 



< 



2 Ims/Yi 

i7 v / i7(3 + Vrf) 



A 2 W -Ax 

A2 — Ai / \A2 — Ai 

[0.7m] 



m — k 



1 m + 8 



5 2rm/l7 



to(to + 8) > 

fc=0 

fc 1 



m 



A 2 



-Ax 



E 

fc=[0.7m]+l 



&/ V.A2 — Ai/ \A2-A1 
3 



m—k 



m 2 2VT7 



(1.14) 

Note that the binary distribution 

(1.15) 



A2 — Ai 7 V A2 — Ai 



-Ai 



i — k 



A, 



m 

fcy VA2-A1 

increases up to the average 

k 1 3 



-Ai 



'i—k 



Thus we obtain, for m > 100, 

17vT7(3 + VT7)m(m 



m 2 2VT7 

[0.7m] 



A2 — Ai 



>0.7. 



E 



TO 



A, 



A2 — Ai 7 \ A2 — Ai 



-A x 



; 192to j 



A, 



[0.7m] J \X 2 - Ai 
by the following inequality 

17VT7(3 + y/Vf) 



fc=0 

[0.7m] / \ \ m-[0.7m] 

~ A 1 \ 

A2 — Ai 



i — k 



[0.7m] m(m + 8) < 192m* for m > 100. 



By numerical computation, we obtain 

Fi(100) = 2114.7... 

Fi(200) = 1.5207... 

Fi(300) < 5.3215x10" 



Then, by Lemma 1.6, we obtain the following numerical estimate: 
(1.16) Fi(to) < 5.33 x 10" 4 for m > 400. 

For the second part of the inequality (1.14), we have the following estimate 



E 

fe=0.7m 



k 1 



TO 2 2Vl7 



A, 



A2 — Ai J \ A2 — Ai 



-Ai 



m — k 



< 



t(-- 1 



\to^ m 2 2^ 



A2 — Ai 7 V A2 — Ai 



-A x 



m — k 



17 m 
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We easily verify that 



-l 



. , (1 to + 8 \ / 2 x 

F 2 (m) = = W — — - \ as to — > oo. 

V 5 2mVvfJ V 17m 

By numerical computation, we obtain 

F 2 (400) = 0.2247... 

F 2 (600) =0.1815... 
(1.17) F 2 (800) = 0.1564... . 

Note that we have the following estimate 

\F(m)\ 



\S m \< 



whenever 



Thus we obtain 



whenever 



1- \F(m)\ 
F(m) = Fi(m) + F 2 (m) < 1. 
|<U <0.2 



|F(m)| < - = 0.1666. 
6 



Therefore, by the numerical result in (1.16) and (1.17), 

\S m \ < 0.2 for all m> 800. 

Hence, it suffices to compute the numerical value of the function A(m) up to m < 
800. 

Indeed, by numerical computation up to m = 800, we can check the tendency of 
the function 8 m as follows: 

(1.18) |<U<0.2 

for m > 30 so that 

A(to)" 1 < -20. 

Thus we easily see 

A(m)- 1 ^ 4, --(m -3) for to > 30. 

Then we need to check 

A(m) -i = d^^ro + l)^ 4) _4 forl < m < 29j 

det hj m {m) 3 

or, equivalcntly, 

det.E m (TO) 2m 



r](m) 



detE m (m—l) 4-to-A(to) _1 
^ -2 or 6 for 1 < m < 29. 



We may compute the value rj(m) for 1 < m < 29 by using the following recurrence 
relation 

detE m (s + l) = (2m + 4 - 3s) det E m (s) - 2s(m - s + 1) det E m (s - 1) 
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for s 



where 



, to, with the initial values 
detE m (l) = 2m + 4 and detE m (2) 



4(to+1) 2 





/ 2m-3.s + 4 2(m-s + 1) 










\ 




s 


2m - 3s + 7 


2(m 


- s + 2) 




E m (s + 1) = 









2 2to+ 1 



2to 




I 






1 


2to + 4 / 


Then we obtai 


11 










n(i 


2.66.. 


• »?(H) = 


-7.14 


.. 77(21) = 


-1.65.. 




77(2 


4.5 


77(12) = 


39.86 


• • ?7(22) = 


-11.21.. 




77(3 


2.75 


77(13) = 


-1.96 


• • ^7(23) = 


-31.81.. 




7?(4 


0.36.. 


• V(U) = 


-9.84 


• • 7y(24) = 


-7.43.. 




<" 9 > t 


= -5.24.. 


■ »?(15) = 


19.83 


.. 7/(25) = 


-14.96.. 




= 12.05.. 


• »?(16) = 


-4.61 


77(26) = 


118.96.. 




77(7 


0.64.. 


• »?(17)= - 


-13.56 


• • 7,(27) = 


-12.12.. 




77(8 


= -5.36.. 


• »?(18) = 


6.45 


• • 7?(28) = 


-19.25.. 




77(9 


= 35.53.. 


• r?(19) = 


-7.76 


• • 7,(29) = 


-3.97.. 




77(10 


)= -0.11.. 


• »?(20) = - 


-19.12 


.. 77(30) = 


-16.30.. 




This completes 


> the proof. 













□ 

2. Local automorphism group of a real hypersurface 
2.1. Polynomial Identities. We shall use the following notations: 

o(k+i) = yi °(M>r 

s+2t>k+l 

O x (k + 1) = (0(k), ■■■ , 0(k), 0(k + 1)) . 

Lemma 2.1. Let M be a nondegenerate analytic real hypersurface defined near the 
origin by 

v = F(z,z 7 u), F| o =dF| o = 

and 4> be a biholomorphic mapping near the origin such that the transformed real 
hypersurface 4>{M) is defined by the equation 

v = (z,z) + F*(z,z 7 u) + 0(k + 1). 

Suppose that the equation 

v = (z, z) + F* (z, z, u) 

is in normal form. Then there is a normalization ip of M such that 

ip = (f> + O x (k + l). 

Further, suppose that the normalization ip transforms M to a real hypersurface M' 
in normal form defined by 

v = (z, z) + F (z, z, u). 
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Then 



F'(z,z,u) = F*(z,z,u) + 0(k + l). 



In the paper [Pa3 , we have given the proof of Lemma 2.1 



Lemma 2.2. Let M be a real hypersurface in normal form defined by the equation 

v=(z,z) + J2 F st {z,z,u) + 0(l + 2), 

min(s,£)>2 

where, for all complex number /u, 

F st (fiz,fiz,n 2 u) = n l F st (z,z,u). 

Let <fi be a normalization of M with initial value (id nXn ,a, 1,0) G H such that <p 
transforms M to a real hypersurface in normal form defined by the equation 



Then 



if and only if 



v = (z, z) + F*(z,z,u). 



F*(z,z,u) = J2 Fst(z,^,u) + 0{l + 2) 

min(s,t)>2 



- y 

2 ^ 

min(s,t)>2 



-2i({z,a)-{a,z)) £ F st (z, 

min(s,£)>2 



Z, U 



E E 



i(s-l,t)>2 a 



dF st 

dz a 



(z, z, u)a a (u + i{z, z) 



-2*EE(SM< ■■■- ■■«)," -::•: 



t>2 a 



V<9* c 



min(s,i— 1)>2 a 



dF st 



dz c 



E Ehl ( z ' z ' u )" (' , " i ( z ' z > 



_2z EE(ldr) (z,z,u)a a (z,z 



s>2 a 



dz° 



dF^ 
du 



(2.1) 

where, for I = 2k — 1, 



(z, z, u) {(z, a)(u + i(z, z)) — (a, z)(u — i(z, z))} 

+Gi + i(z,l,u) 
= 



Gi+i(z,z,u) = -{(k - l){z,z) +iu}(u + i(z,z)) 



fe-i 



+ |{(fc-l)(z,z)- iU }( U -*(z,z))' £ 



fe-1 
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and, for I = 2k, 

Gi+i(z, z, u) = (k, z)(u + i{z, z)) + (z, k)(u — i{z, z)) ' 

+2ik{z, z) (z, k)(u + i(z, z))^ 1 

-2ik(z,z)(K,z)(u- i{z,z)) k ~ 1 

— (z, n){u + i(z, z)) — (k, z)(u — i(z, z)) " 



lyw(^) ( ^,„) 



4fc(fc - l)(n + \){n + 2) \^> \ dz 



2k{k -l)(k- 2)n(n + l)(n + 2) 






Proof. For the initial value (id nxn ,a, 1,0) € i?, we have the following decomposi- 
tion^. |Pa|): 



* 


2 — aw 


* 


l+2i(z,a) — i{a,a)tu 




l-\-2i(z,a)— i(a,a)w 



<j) = E o tp 
where E is a normalization with identity initial value and 

rl>: 

The mapping ip transforms M to a real hypersurface M' defined up to 0(1 + 2) by 
the equation 

v = (z,z) + Fi(z,z,u) 

-2i({z,a) - (a,z))Fi(z,z,u) 

+ E(|5) (z,z,u)a a (u + i{z,z)) 

+ E ( ff=^j {z^,u)a a {u-i{z lZ )) 

+ 2\~du) ( z '^>' u H( 2: > a )('" + i ( z > 2; )) ~ <a,z)(w- i(z,z))} 
+0(Z + 2) 



where 



Fi(z,z,u)= ^ F st {z,z,u). 

min(s,t)>2 
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By virtue of Lemma 2.1, we normalize M' up to 0(1 + 2) by a mapping h = (/, g) 
satisfying 



3? 



dz 
dg_ 
dw 



id,, 



Of 



0, 



1 «(0I.H 



so that we obtain 



F*(z,z, u) — Fi(z,z, u) - 2i((z,a) - (a,z)) 2J F st (z,z,u) 

min(s,£)>2 



E E 



min(s— l,t)>2 a 



dF 



dF st 
dz a 



{z, z, u)a a (u + i(z, z)) 



+ *££ 



t>2 a 



2/ 



dz c 



(z, z, u)a a (z, z) 



dF„ 



+ E £ ( ~&^ ) ( z ' z > u )« Q ( u - *(*> z >) 

min(s,t-l)>2 a ^ ' 

" 2i EE 9^ (z,z,u)a"(z,z) 



s>2 a 



+ h E 



i(s,t)>2 



<9m 



(z, z, w){(z, a)(u + i(z, z}) 



(a,z)(u-i(z,z))} 



(2.2) 



+ G i+1 (z,z,u) + 0(/ + 2). 



where, for I = 2k — 1, 



Gi + i(z,z,u) = (xz,z)(u + i(z,z)) +(z,xz)(u-i(z,z)f 



\fc-i 



-J( W + z(z,z)) fe + J( W - ? (z,z))* 



and, for Z = 2fc, 



G;+i(z,z,u) = («, z)(u + i(z, z)) ' + (z, k)(u — i(z, z)) 
+2ik{z, z)(z, k)(u + i(z, z)) k ~ l 
-2ik(z,z)(K,z)(u- i{z,z)) k ^ 1 
-(z,K)(u + i(z,z)) k - (k,z)(u- i{z,z)) k . 

Here the constants XjSj K satisfy the conditions 

(xz,z) + ( Z ,X Z ) = kg(z,z), 
g G R, KG C", 

and they are uniquely determined by the following conditions: 



AF* 2 = A 2 F* 3 = A 3 F 3 * 3 = 0, 
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where 

F*(z,z,u) = ^ F at {z,z,u) 

min(s,t)>2 

+ J2 F* st {z,z,u) + 0{l + 2) 

min(s,t)>2 

and, for all complex number \x, 

F* t (fj,z,fiz,n 2 u) = n l+1 F* t {z,z,u). 

Indeed, from the equality (2.2), we obtain 

F 22 (z,z,u) = 2(k - l)i(xz,z)(z,z)u k ~ 2 - k(k - l)ig(z, z} 2 u k ~ 2 
F 2 * 3 (z,z,u) = -2fc(fc- l)(/c, z)(z, z) 2 u k ~ 2 + 2i(a, z)F 22 (z,J, u) 

+2i Yl \~dz^) ( z ,z,u)a a (z,z) ~ 2 ( ~q^~ ) {z,z 1 u){a,z)u 
+ E ( -q^-) (*>*'«)° Qu + E(a§zr) {z,z,u)a a u 

a ^ ' a ^ ' 

™ / - x fc(fc-l)(fc-2) , .3 fc _ 3 

F 3 * 3 (z,z,u) = i £ '-g(z,zfu k 3 

-2«(2,a)F 23 (2,2, u) + 2i(a, 2)^32(2,2, u) 



dz a J y ' ' ' ^\dz c 

J2{-ff=£) ( z > z > u P a u~ 1 J2 {-$=£-) (z,z,u)a a (z,z) 

i fdF 23 \ . _ .. . i /<9F 32 \ _ 

(2, 2, u){z, a)u- - — — (2, 2, it) (a, z)u. 



2 v 9m y v ' ' " ' ' 2\ a« 

Hence we obtain 

AF 2 * 2 (2,2,u) = 2(/c-l)(n + 2)i(x2,2)?i fe " 2 + 2(/c-l)iTr(x)(2,2)u^ 2 

-2k(k - l)(n + l)«.g(2, 2)u fe ~ 2 
A 2 J F 2 * 2 (2,2,u) = 4(/fc-l)(n + l)iTr(x)u fe_2 -2fc(fc- l)n(n+l)i.gu fe " 2 
A 2 f 2 * 3 (2,2,u) = -4fc(fc-l)(n + l)(n + 2)( K , 2)M fc " 2 

+ E^ 2 (§i) (*,*,„) + $>«A 2 (§l) (*,*,„) 

A 3 F 3 * 3 (2,2,u) = -2fc(fc-l)(fc-2)n(n+l)(n + 2).gu fe " 3 



-$>«A 3 (W) ( ,,^ U) + E ^ A 3 (^ ) ( , T . Hl 



.54 

V 92" / ^'"'^ ' Z^~" " V g? 
Note that the condition AF 2 * 2 = yields 

(2.3) 2( X 2,2)=fc ff (2,2). 

The condition A 2 F 23 = A 3 ^^ = 0, with the equality (2.3), uniquely determines 
the constants %, K i 9- 
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Then we easily see that 



if and only if 



F*(z,z,u) = J2 F st (z,z,u) + 0(l + 2) 

min(s,i)>2 



£ F; t (z,z,u) = 0. 

min(s,£)>2 



This completes the proof. D 

Note that, for odd integer I, 

Gi +1 (z,z,u) = ^ G st {z,~z,u) 

min(s,£)>2,s— t 

and, for even integer I, 

Gi +1 (z,z,u) = ^ G st (z,z,u). 

min(s,i)>2,s=i±l 

Lemma 2.3. Let M be a real hypersurface in normal form defined by the equation 

v = (z,z) + Fi(z,z,u) + 0(l + 2) 
where 

F t (z,z,u) = ^F ss (z,z,u) 

s>2 

and, for all complex number fi, 

Fi(llz,[iz,ij, 2 u) = /j, 1 Fi(z,J,u). 

Let (f> be a normalization with initial value (id nxn ,a, 1,0) € H such that (f> trans- 
forms M to a real hypersurface M' in normal form defined by the equation 

v = (z, z) + F* (z, z, u). 

Suppose that 

F*(z,z,u) =Fi(z,lE,u) + 0(l + 2). 

Then there is an identity, for each integer s, 3 < s < k, as follows: 

k 

. J I If.. I - ~ : , 1 \ I 

\k 



s=2 

where 



E^ s ^-) fe - s E« a ^{^^(^^)} = -^) fe - 1 ^-)^^ 



l = 2k. 
Proof. By the condition 

Fi(z,z,u) = ^F ss (z,z,', 



s>2 
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the identity (2.1) in Lemma 2.2 comes to 



(2.4) 



2i((z,a) - (a,z))y^F ss (z,z,u) 
'dF 22 



rv *» 



dz a 



(z,z,u)a a [-^-) (z,z,u)a c 



EE 

s>3 a 



fdF s . 



V dz a 



(z, z, u)a a (u + i(z, z)) 



+ {-q^-J ( z > z > u)a a {u - i{z, z)) \ 
E ( ~^~ ) ( Z >^> U H( Z > a )( u + *( z ' z )) ~ (a,z)(u~i(z,z))} 



i^ I dF ss 
2 

s>2 



= (k, z)(u + i{z, z)) k + (z,n)(u-i{z,z)) k 

+ 2ik(z, z)(z, k)(u + i(z, z)) k ~ l - 2ik(z, z)(k, z)(u- i{z,z)) k ~ l 

- (z, k)(u + i(z, z)) k - (k, z)(u - i(z, z)) k 

= («, z) £{1 + (-l)*(2t - 1)} (f) u*-'(i<*, z))< 
+ (z, «) X){1 + (-l)'(2i - 1)} Q) U fc -*(-f <z, z»< 



Then, by Lemma 2.2, the constant K is given by 



,2-fc 



4fc(fc - l)(n + l)(n + 2) ^ WO \ <h. 



5F 33 . _ , 



By collecting functions of type (m + 2, m + 3) for m = 0, • • • , A; — 2 in the identity 
(2.4), wc obtain the following identities for each integer s, 3 < s < k: 



= 4i(a,z)F ss (z,z,u) + 4i(z,z)^a Q f — -^ J (z,z, u) 



(z, z, u) 



(2.5) 



+ 2< K , z){\ + (-1) S (2. S - 1)} y U fe -*(z(z, z)) s 

Ml \ (a, z) ( -^ ) (z, z, u) + 2i ^ a " ( — ^ S+1 ) ( z : «) «) 



du 



dz a 
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and 

4i(a,z)F 22 (z,z,u) +4i(z,z)^2a a f — -^ J (z,Z,u) 

a ^ ' 

-4fc(fc-l)(K,z)M fe - 2 (z,z) 2 

-Mi< (a,z) f -q^-J {z,z 1 u) + 2i^a a [-q^\ {z,z,u) > 
(2.6) = 0. 

In the equality (2.5), we assume 

F k+1 , k+1 (z,z,u) = 0. 
From the equalities (2.5) and (2.6), we obtain the following recurrence relation: 
A(s) = iu~ 1 {z,z)A{s-l) 

'A 

dzs 



-Au' 1 ^a a — {(z, z)F ss {z,z, u)} 



-2i(K 1 z){l + {-iy{2s-l)}(^ju k - s - 1 {i(z 1 z)y 

for s = 2, • • • , k, and 

A{1) = A{k) = 0. 
Thus we obtain the following identity: 

s— 2 a. ^ ^ 

= ^( K ,z)(z,z) fc ]T{l + (-ir(2 S -l)}^ 
(2.7) =-(2z) k - 1 ( K ,z)(z,z) k . 

This completes the proof. □ 

Lemma 2.4. Suppose that the functions F ss (z, z, u), s = 2, • • • , fc, satisfy the equal- 
ities (2.5), where I = 2k. Then that the polynomial 

F ss (z,~z,u), s — max(fc — m, 2), ■ ■ ■ , fc — 1, 

is divided by (z, z ^ m ~ k + s whenever 

and Fkk(z,~z, u) is divided by (z, z) m for < m < k. 
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Proof. The equality (2.5) yields, for s = 3, • • • ,k, 

(k- s + l)(z,z)(a,z}F s _ li8 _ 1 (z,z,u) 

= -i(k — s - 4)(a, z)F ss (z,z,u) + 2i(z,z)^a a f — -^ J (z,z,u) 

a \ / 



+2(/c,z)(z,z} s {l + (-l) s (2s - 1)} H s u 






;S^,/c — S 



Since (a, z) is not a devisor of {z,z), this equality yields the desired result. This 
completes the proof. □ 



Lemma 2.5. Let M be a real hyper surface in normal form defined by the equation 

v= (z, z) + Fi(z,z,u) + 0(1 + 2) 
where 

Fi(z,~z,u)= ^2 F st (z,z~,u) 

min(s,£)>2 

and, for all complex number fi, 

Fi(fiz,^z,fi 2 u) = n Fi(z,z, u). 

Let (f> be a normalization with initial value (id nxn ,a, 1,0) £ H such that (f> trans- 
forms M to a real hypersurface M' in normal form defined by the equation 

v = (z, z) + F* (z, z, u). 

Suppose that 

F* (z,z, u) =Fi(z,z,u) + 0(l + 2) 

and the function Fi(z,~z,u) contains a nonzero function F st (z,z,u) of type (s,t), 
s =/= t. Then there is an identity, for each integer s, 3 < s < p, as follows: 

s=2 a k \ ' / ) 

where 

I — 2p = max{|t — s\ : F st (z,z, u) =/= 0} . 
Proof. We easily verify that p is an integer satisfying 

~l-l~ 

2 

By collecting functions of type (s,t) satisfying 



(2.8) 2<p< 



t-s = l-2p+l 
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in the identity (2.1) in Lemma 2.2, we obtain the following identities for each integer 
s, 3 < s < p: 



a I dF s i_2p+s i _ 

a I — apr^H z ' z ' u ) 



(z, z) I (a, z) [ — 1J Qu P+S ) ^ , Z ' u ) + 2i ^2 

= 4i(a, z)F s j_ 2 p+ s (z,z, u) + 4i(z,z)^a Q f — y^ 11 J iX^u) 
(2.9) 

-iul (a,z) ( S ^ P+S ) (z,z,u) + 2i£V i — S+1 q~ z I P+S+1 ) («»«.«)? 
and 

4i(a,z)F 2 ,i- 2p+ 2(z,z,u) +Ai{z,z)^a a f 2 „'~f P+2 J (z,2,u) 

(z, I, w) + 2i J^ a a f — 3 g~f P+3 ) ( z > ^ u ) 



9Ft ;_2n+2 \ / _ x „.\-^ ™ /<9F3 



cm 

(2.10) = 0. 

In the equality (2.9), we assume 

F p+ ij- p+ i(z,z,u) = 0. 
From the equalities (2.9) and (2.10), we obtain the following recurrence relation: 



A(s) -■ iu- 1 (z,z)A(s-l) 

dz 
for s = 2, ■ • • ,p, and 



d 

+4u- 1 ^2a a —{(z,z)F s ^ 2p+s (z^,u)} 



A(l) - A(p) = 0. 
Thus we obtain the following identity: 

(2.1D ±i*-°M*-°j:« a £- a {<«.«> ( Fs > i - 2p +- { : rz ' u) ) } = °- 

This completes the proof. D 



Lemma 2.6. Suppose that the functions F s t(z, z,u) satisfy the equalities (2.9). 
Then the polynomial 

F s ,i-2 P +s(z,z,u), s = max(p- m, 2),- • • ,p—l, 

is divided by (z, z ) m ~ p+s whenever 

a^0 

and F Pi i- p (z,Z, u) is divided by (z, z) m for 1 < m < p. 
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Proof. The equality (2.9) yields, for s = 3, • • • ,p, 
(p- s + l)(z, z)(a, z)F s _ lt i_2p +s -i{z,z,u) 

= ~{p- s - A)i{a, z)F s j- 2p +s{z,z,u) + 2i{z 1 z)^a a ( — ^~f P+s J {z,z,u) 

, o V^ a { dFs+l,l-2p+s+l \ , _ x 
+ 2u 2^ a TT- )(Z,Z,U). 



dz a 

a 

Since (a,z) is not a divisor of (z,z), this equality yields the desired result. This 
completes the proof. □ 

2.2. Injectivity of a Linear Mapping. 

Lemma 2.7. Let I be a positive integer> 4 and F2.i-2{z 1 z, 0) foe a nonzero function 
of type (2, / — 2). Then the following functions 

_ d 

H a (z,z,0) = — {(z,z)F 2 ,z_ 2 (z,z,0)} for a = 1, . • • • ,n, 

are linearly independent. 

Proof Suppose the functions Hi(z,z, 0), • • • , H n (z,z,0) are linearly dependent over 
C. Then there is a nonzero vector a = (a a ) e C" such that 

£a^{<z,z)F 2 ,*_ 2 (z,z,0)} = 0. 

a 

Then we obtain 

(2.12) (a, z)F 2 , ; _ 2 (z, z, 0) = (z, z) ]T a" (^|^) (z,z, 0). 

Note that (a, z) is not a devisor of (z, z) whenever a ^ 0. Otherwise there would 
be a vector 6 e C" so that 

(z,z) = (a,z)(z,b). 

This is a contradiction to the fact that the hermitian form (z, z) is nondegenerate. 
Hence the polynomial 

F 2 ,i-2(z,z,0) 

is divided by (z, z) so that there is a polynomial Gi.;_3(z, z, 0) of type (1, 1 — 3) as 
follows: 

F 2 ,j_ 2 (z,z,0) = (z,z)Gi ! is{z,z,0). 

Then the equality (2.12) comes to 

2<o, z)^,^, z, 0) = (z, z) ^ a" (^=0 (*, *, 0). 

Note that G;u_3(z, z, 0) is divided by (z,z) as well so that there is a polynomial 
Guz-4(z,z, 0) as follows: 

F2,i-2(z,z, 0) = (z,z) 2 G ,i-4(z,z, 0). 

Then the equality (2.12) comes to 

(2.13) (a,z)G ,i-i(z,1,0) = 0. 
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Note that (a, z) ^ unless a = 0. Thus the equality (2.13) yields 

F 2 ^ 2 {z,Z,0) = 0. 

This is a contradiction to the assumption F 2j i— 2 (z,z, 0) ^ 0. This completes the 
proof. □ 

Lemma 2.8. Suppose that 

Fi(z,~z,u)= J^ F st (z,z,u) 

min(s,t)>2 

w/iere 

Fi(fj,z,^z,fi 2 u) = (i l Fi(z,^,u) 
and 



Then the linear mapping 



AF 22 = A 2 F 23 = A 3 F 33 = 0. 



a i — ► i?z+i (z, z, u; a) 



is injective, where 

H l+1 (z,z,u;a) = —2i({z,a) - (a,z)) J^ F st (z,z,' 

min(s,i)>2 



i(s-l,t)>2 a 



+«££(^)(*.*' tt >° a <*> ; 



4>2 a 



<9z c 



l(s,t-l)>2 a 



dF st 



dz c 



£ J2[j^-) ( z ' z > u ) a °'( u ~ i ( z ' z ) 



' 2l ££ ( TJi^r ) ( z ' z > U K ( z > 



s>2 a 



£ ( ~a^ ) (z,z,u){(z,a)(u + i{z,z) 



2 ^ \ du 

min(s,t)>2 x 



— (a, z)(u — i(z, z))} 
+Gi + i(z,~z,u 



and Gi+i(z, z, u) is the function given in Lemma 2 
Proof. First, we assume that I = 2k and 



Fi(z,z,u) = 22F S8 (z,z,'. 



Suppose that a ^ a nd Fkk(z, z, 0) is divided by (z, z) m for an integer < m < k. 
Then, by Lemma 2.4, there are polynomials 



G% k _ m (z, z, 0), s = max(fc - m, 2), • • • , k, 
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of type (k — m,k — to) satisfying 

Fss{z,Z,U) _ . s -kl \m-k+s r ,s i - n \ 

for 

max(fc — m, 2) < s < fc. 

Then from the equality (2.7) we obtain 
fe 
^ (m-k + s + l)<o, «)<«, z) m G|_ TOife _ m (z, 2, 0) 

s-max(fc-m,2) 

s=max(fc-m,2) a 

2<s<fe— m— 1 a 

-(2z) fe - 1 ( K ,z)(z,z) fc . 

Hence there are polynomials A(z,z; to), 1 < to < k, such that 
fe 

(2.14) J2 (m-k + s + l)G s k _ mik _ m (z,z,0) = (z,z)A(z,z;m). 

s— max(fe— m,2) 

The polynomial A(z,z; to) for to = fc is given by 

A(z,z;k) = -(2i) k - 1 e(z,z) k 

(2.15) (n, z) — e(a, z) 

for some constant e. From the equality (2.5), we obtain for s = max(fc — to, 2) + 
1, • • • , /c, 

(fe - s + l)(a, z)(z, zr- k+s Gl-_l tk _ m (z,z-, 0) 

+ (4 + 2to - 3fc + 3a)<o, z) (z, z) m - k+s G s k _ m ^_ m (z^ 0) 

+2(to - fc + s + l)<o, *><*, «> m - fc+a GJt 1 roifc _ rn («, «, 0) 
/ 8G S \ 

= -2(z,zr- k +^j2 aa ( fc 9 ; fc ' m ) (^^°) 

f 8C S+1 \ 

~2(z,zr- k +^j2 aa ( y m ) (z '"' 0) 

+2( K ,z){l + (-ir(2 S -l)}Q( J (z,z)) s . 
Thus there are polynomials i? s_1 (z, z; m), s = min(fc — to, 2) + 1, • • • , fc, such that 

(fc-*+i)Grl,fe- m (^o) 

+ (4 - 3fc + 3s + 2m)G s k _„ hk _ m (z, z, 0) 
+ 2(l-fc + s + TO)G^ 1 m ,fe- m (^^0) 

(2.16) ={z,z)B s - 1 (z,z;m). 
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The polynomial B s l (z, z; m) for m — k is given by 

B s -\z,z;k) = 2i s e{l + (-1) S (2 S - 1)}Q {z,zf- m '\ 

(2.17) (K,z) = e(a,z). 

Hence from the equalities (2.14) and (2.16) we obtain for k — m > 2 

{ GtZk-m(^O) \ ( A(z,z;m) 

B k - m (z,lz;m) 
B k - m+1 (z,z;m) 



(2.18) 



where 



B„ 



GtZZX-miz^) 



(z,z) 



\ G k _ m (z,z,0) ) 



\ B k x (z, z;m) J 



( 1 2 

m 7 — m 



■£>m 



m — 1 10 — m 6 



ra + 1 \ 









V o 



2m + 1 2m 
1 2m + 4 / 



By Lemma 1.2, the equality (2.18) implies that the function G^_ m fc _ m (z, z, 0) is 
divided by (z, z) for all m < k — 2. Hence the polynomial F^{z, z, 0) is divided by 



\fe-i 



whenever a^O. 



Thus Fiiiz^ z,u) is divided by (z, z). Then the condition AF22 = implies 

F 22 (z,z,u)=i 2 -' £ u' £ - 2 (z,z)G? 1 (z,z,0) = 0. 



Then the equalities (2.14) and (2.16) yield 

G 3 n (z,z,0) 
(2.19) B fc -i(2) : 

V G^(z,z,0) J 

where di, ■ ■ ■ , dk-i are constants and 

/ 2 3 4 

jfc-2 11 -ft 6 



Bk-i(2) 



d 2 
d 3 



V 4-1 / 



jfe-1 







V 



ft- 3 14 -ft 







2 2ft- 1 2(ft-l) 
1 2ft +2 / 



By Lemma 1.4 and Lemma 1.7, the equality (2.19) implies that the function 
G\ 1 {z,'z,Q) is divided by (z,z). Hence the polynomial Fkk(z,~z,Q) is divided by 
(z, z) k whenever o^O. 
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Thus we obtain 



F 22 (z,z,u) = 0, 

F ss (z,z,u) — c s (z,z) s for all s = 3, • • • , k 



where c s are constant real numbers. By the way, by Lemma 2.2, the constant k is 
given by 

( "' Z) = 4fc(fc-lHn + l)(n + 2)^> QA2 (U) ^^ 

Because of the condition A 3 i<33 = 0, we obtain 

-£33(2,2, u) = and k = 
whenever F^(z, "z, u) is divided by (z,z) 3 . Therefore, we have 

c 3 = k = 0. 
Thus the equalities (2.15) and (2.17) yield 

A(z,z;k) = B s - l {z,^k) = 
for all s = 3, • • • , k. Then the equalities (2.14) and (2.16) yield 
/ 3 4 5 k fc+1 \ 



k-2 13-k 8 

fc-3 16 -A; 10 











2 2fc+l 2fc 

1 2fc+4 / 



/0 \ 




Cfe-l 

W J 



= 0. 



V 

Hence we obtain 

c 4 = • • • = c k = 0. 
This is a contradiction to the assumption 

F l (z,l,u)^0. 

Thus we ought to have a = 0. 

Assume that Fi(z,~z,u) contains a function F s t(z,~z,u) of type (s,t),s 7^ i, so 
that 

I — 2p = ma,x {\t — s\ : F st (z,z,u) =/= 0} 



2 


< 


P< 


7-1" 


2 



where 

Fi(z,z,u)= ^ F st {z,~z,u). 

min(s,£)>2 

Suppose that p = 2. Then the equalities (2.9) and (2.10) reduce to 

4i(a, z)F 2 j-2{z,z,u) + 4i(z, z) J^ a a ( a ^~ 2 ) (z,z,u) = 0, 



<9z c 



where 



F 2 ,i-2{z,z,u) ^ 0. 
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Hence we obtain 



Y / a a 7 —{(z,z)F 2 ^ 2 (z,z,u)} = 0. 



dz 



By Lemma 2.7, we obtain a = 0. 
Suppose that 



3 <p< 



l-l 



and 



F p ,i-p(z,z,u) = 0. 
Then by the equalities (2.9) and (2.10), there is a integer m such that 

(z, Z){a, z) ( "1-1,1-m-l \ ^_ ^ _ ^ 



where 



Note that 



V du 



3 < m < p, 

F m _l,;_ m _l(z,I,u) 7^ 0. 



9-Fin-l,!-m-l 

du 



\(z,z,u) = (p-m + l)u 1 F m _ lt i_ m _ 1 (z,z,u) 



Thus we obtain a = 0. 

Hence we may assume that 



and 



/ 0. 



3 <p< 



l-l 



Fp,i- P (z,z,u) ^ 0. 

We claim that F Pj i- p (z,z, 0) is divided by (2:,z) p_1 whenever o^0. Suppose that 
a^0 and F v j- P (z,z, 0) is divided by (z,z) m for an integer m, < m < p — 2. 
Then, by Lemma 2J3, there are polynomials 

(2.20) Gp_„ M _ p _ m (2:,z,0), s = max(p-m,2),--- ,p, 

of type (p — m,l — p — m) satisfying 

F St i-2 P+a (z,z,u) 



uP- 



l \Z,Z) ' '^ r p—m,l—p—m( Z T Z T^)j 



for 



max(p — m, 2) < s < p. 
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With the polynomials G s p _ m i_ p _ rn (z, z,0) in (2.20), the equality (2.11) yields 

p 
J2 {m-p + s+ l)(o, z)(z, z) m G p _ ml _ p _ m (z 7 z, 0) 

s— maxfp— rn,2) 

v / BC S \ 

= - Y, <*. *> ro+1 £ a " ( p Ti" p " ro l(a Q) 



<9z« 



E 



iP- s /r r\P" s 



*" "^,*r J £a Q ^{M^-2p+ s (z,z,o)}. 

2<s<p— m— 1 a 

Thus there are polynomials A(z,~z; to), < m < p — 2, such that 

(2.21) J^ (ro-p + s + l)G p _ mj ;_ p _ m (z,z,0) = (z,z)A(z,z;m). 

s—p—m 

From the equality (2.9), we obtain for 5 = p — m + 1, • • • ,p, 

(p- S + l)(a,z)(z,zr-^G p Z 1 m ,_ p _ m (z,z,0) 

+ (4 + 2to - ip + 3*)<o, z)(z, z) m -P +s G^ mi ,_ p _ m (z, z, 0) 

+2(m - p + a + l)<o, z)(z, 2> ro - p+s G;iJ„ , z _ p _ m (z, z, 0) 

= -2(z,z)"^+ s+1 ^a" ( p -^- p - m ) (z,z,0) 

-2(z,z) m -P+*+iJ2* a f P 7 z l" P " m j (*,*,0). 
Thus there are polynomials B s ^ l (z 1 z; m), s = p — m + 1, • • • ,p, such that 

ip-s + i)G;-_l tl _ p _ m (z,z,o) 

+ (4 - 3p + 3s + 2m)G p _ ml _ p _ m (z, z, 0) 
+ 2(l-p + S + TO)G^ M _ p _ m (z,z,0) 

(2.22) = (z,z)B s - 1 {z,z;m). 

Hence, from the equalities (2.21) and (2.22), we obtain 
/ Gp_™;_ p _ TO (2,:z,0) \ 

(-ip-m+l i - n \ 

"p-ra^-p-m^i ^' u / 

Bm ( ^p-m,i-p-m( 2; ' Z '0) =(z, z) 



(2.23) 



where 



/ A(z,z;m) \ 

BP- m {z,l;mu) 
BP- m+1 (z,z;m) 



V G p-m,i- P - m ( z > z > Q ) J 



( 1 2 

m 7 — m 



B„ 



to— 1 10 — to 6 



\ Sp-^z^jto) / 



to m + 1 \ 









V o 



2 2to + 1 2to 

1 2to + 4 / 
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By Lemma 1.2, the equality (2.23) implies that the function G p ml _ v _ m (z,z, 0) 
is divided by (z,z). Hence we prove our claim that F p j- P (z, ~z, 0) is divided by 
(z, z) p ~ l whenever o^O. 

Then we claim that F p j- p (z, z, 0) is divided by (z, z) p whenever a ^ 0. With the 
polynomials G{ l _ 2p +i( z >^i 0) in (2.20), the equality (2.11) yields 



v 



a, z 



J2 sG h-2 P +i( z > z >°) 



(Z.Z 



E£«*^%^)< -•»)■ 



V <9z c 



s=2 s=2 a 

So there is a polynomial -A(z, z;p — 1) of type (0, 1 — 2p) such that 
p 



(2.24) 



£ sG m-2p+i( z ' z ' ) = (2,z)^>,2;p-i)- 



s=2 



With the polynomials Gl l _ 2p+1 (z,z,0) in (2.20), the equality (2.9) yields 

(a, z) {(p - s + l)G^ 2p+1 (z, z, 0) + (2 - p + 3s)G^_ 2p+1 (z, z, 0) 

+2sG0i 2p+1 (z,z,O)} 

Then there are polynomials B s ^ 1 (z, ~z;p~ 1) of type (0, 1 — 2p) for s = 3, • • • ,p such 
that 

{p- S + l)G 8 1 ; l 1 _ 2p+1 (z,z,0)+(2- P + 3 S )G s 1>l _ 2p+1 (z,z,0) 
(2.25) +2aG^ia p+1 («,2,0) = {z,z)B-\z,z;p- 1). 

Hence, from the equalities (2.24) and (2.25), we obtain 

/ G?,_ 2p+1 (z,z,0) \ 

-2p+ 



(2.26) B P -i(2) 



Gl ;-2p+l( Z : Z j0) 



/ A(js,Z;p-l) \ 

5 2 (z,z;p-l) 
B 3 (z,z;p-1) 



V G?,_ 2p+1 (z,z,0) J 



where 



B p _i(2) 



/ 2 3 4 

p-2 11-p 6 

p-3 14 -p 



V o 



V B?-i(z,z;p-l) J 



p- 1 p \ 







2 2p - 1 2(p - 1) 

1 2p+2 / 



By Lemma 1.4 and Lemma 1.7, the equality (2.26) implies that the polynomial 
G^ i_2 P +\{ z i~Zi 0) is divided by (z, z). Hence we prove our claim that F Pt i_ p (z,~z, 0) 
is divided by (z, z) p whenever «^0. 
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Then with the polynomials Gg i_ 2p (z, z, 0) in (2.20), the equality (2.11) yields 



(a,z)J2(s + l)G s 0}l _ 2p (z,z,0) = 0, 



s=2 



Whenever a ^ 0, we have 



(2.27) 



J2(s + l)Gl l _ 2p+1 (z,z,0) = 0. 



s=2 



With the polynomials G S Q ; _ 2 (z, z, 0) in (2.20), the equality (2.9) yields 
(a, z) [{p - s + l)G s -^ 2p (z,z, 0) + (4 - p + 3s)G s 0}l _ 2p (z,z, 0) + 

2(s + l)G s f_ 2p (z,z,0)}=0. 

Whenever a ^ 0, we have 



(2.28) 
for s = 3, • 

(2.29) 

where 



(p-s+ l)G s ;^ 2p (z,z, 0) + (4 - p + 3s)G s Qd _ 2p (z,z, 0) + 

2(s+l)G s f_ 2 (z,z,0) = 



,p. Hence, from the equalities (2.27) and (2.28), we obtain 
B p (3) 



( G| ; _ 2p (z,z,0) ^ 



= 



V GVtz^O) J 



I 



B p (3) 



3 4 

p-2 13 -p 











p-2, 16 -p 10 



P+l \ 









2 2p + 1 2p 



V o 







1 2p + 4 / 



By Lemma 1.4 and Lemma 1.7, the equality (2.29) implies 

G* Oil _ 2p (z,z,0) = 0. 
This is a contradiction to the assumption 

Fp,l-p(z,z,u) = (z,z) p G^_ 2p (z,z,0) t^O. 

Thus we ought to have a = as well for the case of 3 < p < [*-^l ■ Therefore we 
obtain a — whenever Fi(z,z,u) contains a nonvanishing term F st (z,~z, u) of type 
(s,t), s ^t. 

Therefore, we have showed that a — whenever 

Fi(z,z, u) y^z and Hi+\ (z, z, u; a) = 0. 

This completes the proof. □ 
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Theorem 2.9. Let M be a real hypersurface in normal form defined by the equation 

v= (z,z)+F l (z,z,u) + 0(l + 2), 
where 

and, for all complex numbers p, 

Fi(pz, pz, p 2 u) = p Fi(z,z, u). 

Suppose that there is a normalization </> of M with initial value (id nxn ,o-,l,0) G H 
such that 4> transforms M to a real hypersurface M 1 defined by the equation 

v = (z, z) + F* (z, z, u) 

and 

F*(z,z,u) =Fi(z,z,u) + 0(l + 2). 

Then the normalization 4> has identity initial value, i.e., a = 0. 



Proof. The conclusion follows from Lemma 2.2 and 2.8. □ 

2.3. Beloshapka-Loboda Theorem. 

Lemma 2.10. Let M be a real hypersurface in normal form and 4> ai be a normal- 
ization of M with initial value o\ G H. Suppose that M is transformed to M' by 
the normalization <j) ai and (p (72 is a normalization of M' with initial value cr 2 Gff. 
Then 

<Pa t ° 4>a 2 = 0o-ioa 

where 4 > o- 1 a- 2 * s a normalization of M with initial value o\ct2 G H. 



In the paper [Pa3 , we have given the proof of Lemma 2.10. 
Lemma 2.11. Let M be a real hypersurface in normal form defined by the equation 

v= (z, z) + F l (z,z,u) + 0(l + 2), 

where 

Fi(z,lE,u)^0 

and, for all complex numbers fi, 

Fi(fj,z,^z,fi 2 u) = fi l Fi(z,^,u). 

Suppose that there is a normalization <f> of M such that 4>{M) is defined by the 
equation 

v = (z, z) + P Fi(C- 1 z,CF T z~, p- l u) + 0(1 + 2) 

where 

a {(f) = (C, a, p, r) G H. 

Then the normalization <f> have the initial value (C,0,p,r) G H, i.e., a = 0. 
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Proof. Note that there is a decomposition of as follows (cf. Pa2fl ): 

<t> = 4> ai o CT2 

where CT1 , </> CT2 are normalizations with the initial values o~\ , a- 2 respectively: 

(7i = (C,0,p,r)G#, 

c 2 = (id nxn ,a, 1,0) G J?. 
Then, by Lemma 2.10 , we obtain 

</V 2 = ^ff- 1 ° <£<?! ° <?^2 

= <f> a -i ° 4> 

where <^> -i is a normalization with initial value a^ G -ff. Further, suppose that 
(f> a2 (M) is defined by the equation 

v = (z, z) + F* (z, z, m). 

Then we obtain 

F*(z,z,u) = Fi(z,z,u) + 0(1 + 2). 



Thus, by Lemma 2.8, we obtain 

a = Q. 
This completes the proof. □ 

Theorem 2.12 (Beloshapka, Loboda, Vitushkin). Let M be an analytic real hy- 
persurface in normal form, which is not a real hyperquadric, and H(M) be the 
isotropy subgroup of M at the origin. Then there are functions 

p(U), a(U), r(U) 

on the set 

{U : (U,a,p,r)€H(M)cH} 

such that, for all (U,a,p,r) G H(M), 

a = a(U), p = p(U), r = r(U). 

Proof. Suppose that M is defined in normal form by the equation 

v = (z,z) +Fi(z,z,u) + F l+1 (z,z,u) + Fi +2 (z,z,u) + 0(1 + 3), 

where 

Fi(z,z,u) ^ 0, 

and the integers 1,1 + 1,1 + 2 represent the weight of the functions 

Fi(z,z,u), Fi+i(z,z,u), Fi +2 (z,z,u). 

Let 4> a be a normalization of M with initial value a G H(M). Suppose that the 
real hypersurface <p a (M) is defined near the origin up to weight / by the equation 

v = (z,z)+pFi(C- 1 z,~CF T z,p- 1 u) + 0(1 + 1) 

= (z,z) + Fi(z,z,u) + 0(1 + 1) 

where 

a = (C, a, p, r) G H(M) C H. 
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Then we have 



(2.30) \p\~ Fi(z,z,u) = AF ; (L/- 1 z,£/- 1 z,Au) ^ 0. 
The relation 

(Uz,Uz) — \{z,z), A = signjp} 
yields 

(2.31) X = -A(Uz,Uz)=±l. 

n 

Then we take a value z, u in the equality (2.30) such that 

Fi(z,z,u) e 
and define 



, rn f AF t (^- 1 z,t/- 1 z,A U ) V-' 
y Fi(z,z,u) J 

By the unique factorization of a polynomial, we have 

\p\=Pi(U) 
regardless the choice of the value z,u. Hence, by the equality (2.31), we define 

p(U) = -A(U Zl Uz)- Pl (U) 
n 

so that 

(2.32) p = p(U) 

for all 

(U,a,p,r)eH(M). 

Suppose that the real hypersurface <j) a {M) is defined near the origin up to weight 
I + 1 by the equation 



v-(z,z) = pFi(C- 1 z,C- 1 z,p- 1 u) + F? +1 (z^,u) + 0{l + 2) 
= Fi(z,z,u)+Fi+i(z,z,u) + 0(l + 2). 
By using the equality 



pF^C^z, C- l z, p^u) = Fi(z,z, u), 
we obtain 



F* +1 (z,z, u) = Hi+x(z,z, u;p Ca) + pFi+i(C z,C 1 z,p u) 

where a* — > Hi+±(z, z, u; a*) is the injective linear mapping in Lemma 
Then the following requirement 

F* +1 (z,z,u) =F l+1 (z,z,u) 

yields 



Hi +1 (z,z,u;a*) = F l+1 (z,z,u) — pFi +1 (C l z,C l z,p 1 u). 
Then, by the equality (2.32), the equality 
Hi +1 (z,z, u;a*) = Fi +1 (z,z,u) - pF l+1 (C~ 1 z,C- 1 z,p~ 1 u) 



= Fi +1 (z,z,u) - sign{p([/) } \p{U)\— Fi +l (U- l Zl U^z,sign{p{U) }«), 
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yields a unique function a*{U) of U satisfying 

a* = p- 1 Ca = a*(U). 
Hence we obtain a unique function a(U) of U such that 

a = a(U) 
(2.33) =p(V)\p(V)\-*U- x a*(V) 

for all 

(U,a,p,r)€H(M). 
Then we decompose the normalization (f> a as follows: 

<t><r = <h ° <t>u 
where <pi , <f>2 are normalizations with the initial values <j\ , <Ji respectively: 

<j\ = (id nxn ,a, 1,0) and <j 2 = (C,0,p,r). 
Suppose that the real hypersurface (f>i(M) is defined by the equation 

v = (z, z) + Fi (z, z, u) + Fi +1 (z,z, u) + F[ +2 (z,z,u) + 0(1 + 3) 
where the functions Fi + i(z,z, u) and Fi + 2(z,z, u) depend of the parameter a, i.e., 

Fi+i(z,z,u) = Fi+i(z,z, u;a) 
Fi + 2{z,z,u) = Fi + 2{z,z,u;a). 

Then suppose that the real hypersurface (f> a (M) is defined near the origin up to 
weight I + 2 by the equation 



(z, z) + P Fi(C l z, C~ x z, p- l u) + pFi+^C^z, C~ x z, p _1 «) 

+pF l+2 (C- 1 z,C= T z~,p- 1 u) 



r 



where 



} J2 {l + s + ^uFstiC^z.C^z.p^u) 

I min(s,i)>2 

+ J2 2{s-t)i(z 1 z)F st (C- 1 z 1 (F T z~,p- 1 u) 

min(s,£)>2 

- ]T 2p-\z,zf(^-)(C^z,C^,p^u)\ 

min(s,t)>2 ^ ' ) 

+0(1 + 3) 

F t (z,z,u) + F i+1 (z,z,u) +F ;+2 (z,z, m) + 0(1 + 3), 



Fi(z,z, u) = ^2 F st (z,: 

min(s,t)>2 
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Hence we have the equality 

~l\ 2 ((l + s + t)u + 2(s-t)i{z,z))F st (z,- 

min(s,t)>2 V ' 

(2.34) = p~ 1 Fi +2 (Cz,Cz,pu) - F ;+2 (z,z,u;a). 

Note that F;(z,z, w) 7^ implies 

J2 \{{l + s + t)u + 2{ S -t)i{z,z))F st {z^,u)-2{z lZ ) 2 i^f) {z,z,u)\^0. 

min(s,t)>2 ^ \ / J 

Otherwise, we would have 

(I + s +t)uF st (z,z,u) + 2(s - t)i(z, z)F s - ltt -i(z,z, u) 

~2(z,zr(^f^y z ,z,u)^0 

which yields 

F st (z, z, u) = for all s, t. 
From the equalities (2.32) and (2.33), we have 

p = p(U) ) a = a(U) 
for all 

(U,a,p,r)€H(M). 
Then we take a value z,u in the equality (2.34) such that 

J2 l((l + s + t)u + 2(s-t)i(z,z})F st (z,z-,u)-2(z,z} 2 (^J (2, z, u)\ € K\{0} 

min(s,i)>2 ^ \ / J 

and define 

-2 (p^)- 1 |p(t/)|^ F l+2 (Uz,Vz, Au) - F1+2 («,«,«; a(U))\ 
r (U) = i '- 

£min( S ,t)>2 {((* + S + *)« + 2( S - *)*<*> «» **(*.2> «) - 2(Z, Z) 2 (^) (z,Z, U )} ' 

By the unique factorization of a polynomial, we have 

r = r(U) 

regardless the choice of the value z,u. Thus the equality (2.34) yields a unique 
function r(U) of U satisfying 

r = r(U) 

for all 

(U,a,p,r)€H(M). 

This completes the proof. □ 
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3. Compact local automorphism groups 

3.1. Compactness. 

Lemma 3.1. Let M be a nondegenerate analytic real hypersurface defined by 

v = F(z,z,u), F\ o =dF\ Q = 0, 

and 4>a be a normalization of M with initial value a E H. Suppose that <f) a trans- 
forms M to a real hypersurface defined by the equation 

v = (z, z) + F*(z, ~z, u; a). 
Then the functions <f> a (z, w) and F*(z,~z, u] a) are analytic of 

a = (U, a, p, r) <G H. 
Further, each coefficient 

QW+i^ \ i ( d \i\+\A+i F * 



and 



dz^Ww 1 
depends polynomially on the parameters 

C = ^/\p~\U, c- 1 



d z \i\dz\ J \du l 



p, 



In the paper [Pa3 , we have given the proof of Lemma 3.1 



Let M be a real hypersurface M in normal form. We define the isotropy subgroup 
H(M) of M at the origin as follows: 

H(M) ={a eH : 4> a (M) = M} 



where <$>„ is a normalization of M with initial value a € H. By Lemma 3.1, the 



group H is homeomorphic to the set of germs CT , a £ H, with a topology induced 
from the natural compact-open topology. Further, by Lemma 2.10 and Lemma 3.1, 
the group H(M) is isomorphic as Lie group to the local automorphism group of M. 

Lemma 3.2. Let M be a nonspherical analytic real hypersurface and H(M) be the 
isotropy subgroup of M such that there is a real number c > 1 satisfying 

sup \\U\\ < c < oo. 

(U,a,p,r)£H(M) 

Then there exists a real number e > satisfying 

\a\ <e, e" 1 < \p\ < e, \r\ < e 
for all elements 

(U,a,p,r)eH(M) 
where e may depend on M and c. 
Proof. For the parameter p, we have 



\p(u)\- 



\p(u)\- 



F(U- 1 z,U- 1 z,\u) 



\Fi(z,z,u)\ 
\Fi(Uz,Uz,Xu)\ 
\Fi(z,z,u)\ 



whenever we take a value z, u satisfying 

Fi(z,z,u)^0. 
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Hence we have the following estimate: 



|p(l/)| 2 < sup 



Fi(U- 1 z,U- 1 z,Xu) 



\p(U)\ 2 < sup 



U.JJ . _ rT 

u \Fi(z,z,u)\ 

Fi(Uz,Uz~,\u)\ 



u \Fi(z, z,u)\ 



so that 



sup- 



\Fi(Uz,Uz,Xu) 



-l 



<\p(U)\'^ <sup 



F l (U- 1 z,U- 1 z,Xu) 



v t/ l-F)( z : z 7 u )l / ! ' u \Fi(z,z,u)\ 

Note that there is a real number d depending only on Fi(z,z, u) such that 

Fi(U- 1 z,TF T z,Xu) 



\F t (z,z,u)\ 



<di-c l 



where 



c= sup \\U\\ > 1. 

(U,a,p,r)£H(M) 



Thus we obtain 

<^. c -t^ < |p(£/)| ^d^.ci 2 
For the parameter a, we have 
H l+1 (z,z,u;a*(U)) 



= F ;+1 (z,z, U )-sign{ /0 ((7)}| /5 (C/)|^F ;+1 (;7- 1 z,C/-i z ,sign{p(;7)} U ) 



where 



a* (U) = p(Uy l ^\plU)\Ua{U) . 

Since the mapping a i— > Hi + \ (z,z, u; a) is injective and the function Hi + \ (z, z, u; a) 
depends only on Fi(z,z,u), we have the following estimate: 

\a*{U)\<d* 2 -c-^^- 
which yields 

2(I 2 +2Z-2) 

\a(U)\ <d 2 -c '-* 

where d 2 ,d 2 depend only on Fi(z,z, u) and Fi+i(z,z, u). 
For the parameter r, we have 



•([/) 



y^ (l + s + t)uF st (z,z, u) 

v min(s,i)>2 

y^ 2{s — t)i{z,z)F st {z,z,u) 

min(s,£)>2 



min(s,i)>2 



■2 ( 9F st * _ 



= A |p (17) | * F l+2 (Uz, Uz, Xu) - F l+2 (z,z, u; a) . 
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By Lemma 3.1, the function -Fi+2 (z, z, u; a) depend polynomially, in fact, quadrat- 
ically, on the parameter a. Hence we obtain the following estimate: 

\r (U)\ <d 3 -c L for some LeN 

where d 3 depends only on Fi (z, z, u) , i^+i (2, z, u) , and i^+2 ( z , ~z, u) . 
Then we take 

,lhs -21- , 2(i 2 +2i-2) j 

l[ -C-2, d 2 -C '"2 , d 3 -C L 

This completes the proof. □ 

Theorem 3.3. Let M be a nonspherical analytic real hypersurface in normal form. 
Suppose that there is a real number c > 1 satisfying 

(3.1) sup \\U\\ < c< 00. 

(U,a,p,r)£H(M) 

Then the group H(M) is compact. 



Proof. By Theorem 2.12 , the group H(M) is isomorphic to the following group: 

{U:(U ia ,p,r)eH(M)}. 

We claim that the group H{M) is closed under the condition (3.1). Suppose that 
there is a convergent sequence in GL(n; C) such that 

U m € {U : ([/, a, p, r) e H(M)} for all m € N 

and, by the condition (3.1), 

lim C/ m = t/€GL(n;C). 



Then, by the functions p(U),a(U),r(U) in Theorem 2.12 , we have the following 
sequence: 

(U m ,a (U m ) , 9 (U m ) , v (U m )) G JT(M). 



Under the condition (3.1), by Lemma 3.2, there is a real number e > such that 

\a(U m )\<e, e- 1 < \p(U m )\ <e, |r([/ m )|<e for all to. 

Then, by compactness, there is a subsequence nij such that the following limits 
exists: 

a = lim a (U m .) , 

p = lim p(U m ) , 

r = lim r(U m:i ) , 
which satisfy 



|o| < e, e" 1 < |p| < e, |r| < e. 
Then we consider the following subset K of H given by 

A" = UU,a,p,r)eH :- <\\U\\<c. 



\a\<e, c- 1 < |pl < c, |r| < e} 



.-,(> 
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Note that the set K is compact and 

(U m , a (U m ) , p (U m ) , r (U m )) G K for all m. 

Then, by Lemma 3.1 , for each a G K, there exist real numbers e a ,5 a > such that 
all normalizations 

<t>a>, <J' G A'n{reGi(n;C) : \\r - a\\ < e a } 

as a power series at the origin converge absolutely and uniformly on the open ball 
B(0;S a ). Notice that the following family of open sets 

{re GL(n + 2;C) : \\r - a\\ < s a } , a G K 

is an open covering of the set K. Since K is compact, there is a finite subcover, say, 

{r GGL(n + 2; C) : ||r - a s \\ < e a .} , <tj G H(M), j = l,---,l. 

Then we set 

5 = min {<L. ) > 

l<j<m l J ' 

so that each normalization CT , a S K, as a power series at the origin converges 
absolutely and uniformly on the open ball B(Q;5). Thus, by Motel theorem, the 
family of normalizations <j> a , a £ K, are a normal family on B(0; S). 

By a standard argument of a normal family, passing to a subsequence of {rrij}, 
if necessary, there is a holomorphic mapping <p on the open ball B(0; 5) such that 









<t> = lim CTm 


where 


Om 3 


= (U mj , a (U m . ) , p (17 TOJ ) , r (U mj ) ) . 


Then, for <fi - 


-- if,g), we 


have 




( df 


J 


= lim J\p(U m .)\U mi = y/\AU 




fdf_ 

\ dw 


) 


= - lim \/\p(U m .) t/ m7 a(C/ m ) = 

j^oo V ' ■' ' 




fdg_ 

\ dw 


„) 


= lim p{U m _) = p 

j-+oo 



|p|[/a 



5 2 5 



9w 2 



2 lim p(U mj )r(U mj ) = 2pr. 



Note that 



< |dct(/.'| = \p\~ |detJ7| <oo. 

Thus, by Hurwitz theorem, the mapping is a biholomorphic mapping on the ball 
5(0; <5). Further, notice 

</> CTm (M n 5(0; 5)) C A// for all m G N, 

so that 

^(MnB(0;«J)) CM. 

Hence the mapping is a biholomorphic automorphism of M with initial value 
a & H such that 



a=(U,a,p,r) € H(M). 
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Thus we have showed 

U = lim U m G {U : (U, a, p, r) G H(M)} . 

m — >oo 

Then the group 

{U : (U, a, p, r) G #(M)} C Gi(n + 2; C) 

is closed so that it is a compact Lie group. Therefore, we prove our claim that the 
group H{M) is closed. Hence H(M) is a compact Lie group. This completes the 
proof. □ 

3.2. Theorem of a germ of a biholomorphic mapping. We study the analytic 
continuation of a germ of a biholomorphic mapping to a finite neighborhood(cf. 

E3). 

Lemma 3.4. Let M be a nonspherical analytic real hypersurface in normal form 
and H(M) be the isotropy subgroup of M such that there is a real number c > 1 
satisfying 

sup \\U\\ < c < oo. 

(U,a,p,r)£H{M) 

Then there is a real number 6 > such that all local automorphisms of M, cj) a , 
a G H{M), converge absolutely and uniformly on the open ball B(0;5). 



Proof. By Lemma 3.1, for each a G H(M), there exist real numbers £„, 8 a > such 
that all normalizations 

<V, cr' G H(M) n {r G G£(n + 2; C) : ||r-a|| < £ ff } 

as a power series at the origin converges absolutely and uniformly on the open ball 
B(0;<5 CT ). 

Note that the following family 

{t g GL{n + 2; C) : ||r - <r\\ < e a } , cr G tf(Af) 



is an open covering of the set H(M). By Lemma 3.3, H(M) is compact. Thus there 
is a finite subcover, say, 

{r G GL(n + 2; C):||7--a,-|| <£„,}, a, e H(M), j = l,---,m. 
Then we take 



5= min |(5 CT7 } > 0. 

Kj<m l 3 ' 



This completes the proof. □ 

Theorem 3.5 (Vitushkin). Let M, M' be a nonspherical analytic real hypersurface 
and p, p' be points respectively of M, M' such that the two germs M at p and M' 
at p' are biholomorphically equivalent. Suppose that there is a real number c > 1 
satisfying 

sup \\U || < c < co 

(U,a,p,r)£H p (M) 

where H P (M) is a local automorphism group of M at the point p in a normal 
coordinate. Then there is a real number 8 > depending only on M and M' such 
that each biholomorphic mapping (j) of M near the point p is analytically continued 
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to the open ball B(p; S) whenever <j){p) = p' and there is an open neighborhood 
U C B(p; 6) of the point p satisfying 

<f>{U n M) C M'. 

Proof. We take a biholomorphic mapping <j> of M to M' such that 

cj)(p) = p' 

and, for an open neighborhood U of the point p, 

4>{u n M) c M'. 

Then we take normalizations 4>i , <t>2 respectively of M, M' such that 4>i , <t>2 translate 
the points p, p' to the origin and there exist open neighborhoods U\ , U<z respectively 
of p, p' and a real hypersurface M* in normal form satisfying 

0i(E/inM) C M* 

4>2{u 2 r\M) c m*. 

Then, we obtain a biholomorphic mapping <jf defined by 

(f>* = 4>2 ° 4> ° 4>\ ■ 



Notice that the mapping </>* is a local automorphism of M* . By Lemma 3.4, there 
is a real number 5* > such that the mapping <jf continues holomorphically to the 
open ball B(0:5*) satisfying 

B{0;5*) C <M^i) 
B{0;6*) C 4>2{U 2 ). 
Then the mapping 

is biholomorphically continued to the open set 

E/kn^W;**)). 

We take a real number S > such that 

This completes the proof. D 



3.3. Kruzhilin-Loboda Theorem. By Lemma 2.10, we have a _ff-group action 
on real hypersurfaces in normal form. Then the orbit structure in normal form may 
be studied by examining the isotropy subgroup H{M) for a real hypersurface M in 
normal form. 

Lemma 3.6. Let K be a subset of H. The necessary and sufficient condition for 
the set K to be conjugate to a subset of 




(17, 0, ±1,0)= | U | eH 

is given as follows: 

Kc{(U,a,±l,r)€H} 
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and there exist a vector d G C" and a real number eel such that 

(idnxn - AC/ -1 ) d = a 
(1 — A) e + i(d, a) — i(a, d) = r 

for all 

{U,a,X,r) EK. 

Proof. Each element of H is decomposed as follows: 

p' 00\///00\/ 1 00 

-Ca' C = C -a' id nxn 

-r'-i(a',a') 2ia'^ 1/ \ 1 / \ -r' - i(a',a') 2ia^ 1 

where 

a 1 ' ' z = (z, a'). 

Note that 

p'OOWilOOWp'OOA -1 / ±1 

COlO £70)0 CO = C'UC'- 1 

1/\0 1/\0 1/ \ 1 

Thus the straight forward computation yields 

1 \ / p 

-a 1 id nxn -Ca C 

-r'-i{a',d) 2ia' f 1/ \ -r-i(a,a) 2ia) 1 

1 

-r'-*<o / ,o / > 2iot 1 

p 

-Ca* C 

—r*—i(a*,a*) 2ia*^ 1 

where 

a* = pC~ a' + a — a' 

r* = pr — r + r + i(C(a — a), a) — i{a ,C(a — a)) 

+i(a, a') — «(a', a). 

Hence the necessary and sufficient condition for the set K to be conjugate to a 
subset of 

±10 
(£7,0, ±1,0)= | £7 | e H 
1 



is given by 



for all 



\p\ = 1 and a* = r* = 
(£7, a, p, r) e #. 
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The equalities a* = r* = is yields 

Kxn - pC~ r )a' = a 
(1 — p)r + i(a , a) — i(a, a ) — r. 

The necessary and sufficient condition is equivalent to the existence of a vector 

a' G C n and r' e K. satisfying 

IpI = i 

(s4xn - pC~ l )a! = a 
(1 — p)r' + i(a' , a) — i(a, a') = r. 
for all 

(£/, a, p, r) e K. 
This completes the proof. □ 

Theorem 3.7 (Kruzhilin-Loboda). Let M be a real hypersurface in normal form 
and H(M) be the isotropy group of M such that there is a real number c > 1 
satisfying 

sup \\U\\ < c < oo. 

(U,a,p,r)£H(M) 

Then there exists an element a G H satisfying 

±10 
(jH(M)o-- 1 C { | 17 ) € H 
1 



Proof. By Lemma 3.3, the group 

G = {U:(U,a,p,r)€H(M)}, 
is a compact Lie group. Thus we have a unique Haar measure p on G such that 

d/i(V) = 1. 



Suppose that M is defined by the equation 

v = (z,z) + Fi(z,z,u) + Fi+i (z,z,u) + 0(1 + 2). 



By Theorem 2.12, there is a function p(U) satisfying 

P = P(U) 
for all 

(U,a,p,r)eH(M). 
Then we have the following identity 

\p{U)[^ Fi{z,z,u) =sign{p(U)}F l (u- 1 z,TF T ^,sign{p(U)}i 

which yields 

J G {sign{p (V) }F l (y- 1 z 1 W T z~, sign{p (V) }«) } dp (V) 



Fi(z,z,u) 



J G \p(V)\^dp(V) 
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Hence we easily see 



aign{p (U)}Fi (U- l z,U~ l z^gn{p{U)}u) = Fj(*,Z,u) 
so that 

\p(U)[^ F l {z,z,u) = F l {z,z,u). 
Thus we have 

\p(U)\ = l for all 77 6(3 
so that 

H(M) C {(U,a,±l,r) € H} . 



By Theorem 2.12, there is a function a(U) satisfying 

a = a(U) 
for all 

(U,a,±l,r)eH(M). 
Then we have the identity 

H i+1 (z, z, u; signjp (U) }Ua (77)) 
= F l+ i (z, z, u) - sign{p (77) }F i+1 \U~ x z, U~ l z, sign{p (77) }uj . 
Hence there is a vector a* satisfying 
Hi+i (z,z,u;a*) 

\+i(z,z,u)- I {sigu{p(V)}F, + i (y- 1 z,W T ^,siga{p(V)}u)} dp(V) 



Fi,. 

JG 

where 

a*= f sign{p(V)}Va(V)dp(V). 

JG 

Suppose that the normalization <f> of M with initial value 

{idnxn, -a*, 1,0) € H 

transforms M to a real hypersurface M' , Then M' is defined up to weight Z + 1 by 
the equation 

v= (z,z)+Fi(z,z,u) + F l * +1 (z,z,u) + 0(l + 2) 

where 

F l * +1 (z,z,u)=J [sign{p(V)}F l+1 (y- 1 z,W^,sign{p (V) }u) } dp(V). 

We easily see that 



sign{p(77)}Ff +1 ^J7- 1 «,J7- 1 «,sigQ{p(17)}«J = F ; * +1 (z,z,u). 
Because the linear mapping a* i— > -ff/+i (z, z, u; a*) is injective, we obtain 

H(M') C {(U,0,±l,r) £ H} . 

Suppose that M' is defined up to weight I + 2 by the equation 

F(M') = Fi(z,z, u) + F; +1 {z,z, u) + F l+2 (z,z,u) + 0(1 + 3). 



56 WON K. PARK 



By Theorem 2.12, there is a function r(U) satisfying 

r = r(U) 
for all 

(U,0,±l,r)£H(M'). 
Then we have the following identity 

~ 21 E (l + s + t)uF st (z,z,u) 

|mh(i,t)>2 

+ ^2 2(s — t)i(z,z)F at (z,z,'. 

min(s,t)>2 

" E 2(z,zf(^)(z,z,u) 

min(s,t)>2 ^ ' 

= sign{p (17) }Fi +2 (Uz, Uz, signjp (17) }u) - F t+2 (z,z, u) 
where 

Fi(z,z,u)= ^ F at (z,z,u). 

min(s,£)>2 

Hence there is a real number r* satisfying 

r* f 

- — - < ^ (1 + s + t)uF st (z,z,u) 

[_min(s,t)>2 

+ 22 2(s-t)i(z,z)F st (z,z,u) 

min(s,£)>2 

" E 2<z,z) 2 (^fW, U ) 
= f sign{p (V) }F, +2 ( V*, Vz, sign{p (V) }u) d/* (V) - F l+2 (z,z, u) 

JG 

where 



r* = / r (V) dfi (V) . 

JG 

Suppose that the normalization cf>' of M' with initial value 

(id,0,l,r*) eH 

transforms M' to a real hypersurface M" . Then M" is defined up to weight / + 2 
by the equation 

v = (z, z) + Fi(z,z,u) + F* +1 (z,z,u) + Fi +2 (z,z,u) + 0(1 + 3) 

where 



F* +2 (z, z,u) = / sign{p (V) }F l+2 (Vz, Vz, sign{p (V) }u) d^ (V) 

JG 

We easily see that 

sign{p (U) }F; +2 (Uz, Uz, sign{p (U) }u) = Fj* +2 (z, z, u) 
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which yields 

H(M") C {([/,0,±l,0)e H}. 
Then we take a normalization (f> a with initial value a e H such that 

cj> cr (M) = M". 
Then, by Lemma 2.10, we obtain 

aH{M)cr- 1 = H(M"). 
This completes the proof. □ 

4. Analytic continuation of a normalizing mapping 



4.1. Chains on a spherical real hypersurface. By Theorem 14, each biholo- 
morphic automorphism of the real hyperquadric 

v = (z,z) 

is uniquely given by a composition of an affine mapping 

z* = z + b 
(4.1) w* =w + 2i(z,b) +c + i(b,b) 

and a fractional linear mapping: 

f * _ Cjz—aw) 



(4.2) (j) = (j) a : < t l+2i(z,a)-wir+i(a,a)) 

{ W = l+2i(z, a) -iu(r+i{a, a)) 

where 

b e C™, eel 
and the constants a — (C, a, p, r) satisfy 

oeC, p^O, P ,reR, 

CeGL(n;C), (Cz,Cz) = p(z, z). 
Note that the local automorphism decomposes to 

where 



z 



z—aw ( * Cz 



V • \ w *= f &nd V ■ \ w * = -POL. ■ 

I l-\-2i{z,a} — i{a,a)w ^ 1—rw 

Lemma 4.1. Lef M be the real hyperquadric v = (z,z). Then the intersection of 
the real hyperquadric M by a complex line I is given by a point, a curve 7, or the 
complex line I itself. If the intersection is a curve 7, then 7 is transversal to the 
complex tangent hyperplane at every point of 7. 

Proof. Let (k, y) £ C n x C be a point of the real hyperquadric v = (z, z) such that 

Then a complex line I passing through the point («, y) is given by 

{(k,x) +e{n,v) : e e C} 
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for some nonzero vector (fx,v) £ C™ x C. Then the affine mapping (4.1) send the 
complex line I to another complex line I* given by 

{(k + b, X + 2i(K,b) + c + i(b,b)) + e{ji,v + 2i{/j,,b)) : e e C} . 

Note that the complex line I* passes through the origin by taking 

b = —k, c = — 5ft%. 

Thus we reduce the discussion to complex lines passing through the origin. 

Suppose that the complex line / is tangent to the complex tangent hypcrplanc 
at the origin so that I is given by 

{c(a,0) :c£ C} 

for some nonzero vector a £ C™. Then each point in the intersection of the real 
hyperquadric M by the complex line / satisfies 

cc(a, a) = 0. 

Thus we obtain that, whenever (a, a) =/= 0, 

Mn{c(a,0) :ceC} = {(0,0)} 

and, whenever (a, a) = 0, 

M n {c(a, 0) : c £ C} = {c(a, 0) : c £ C} . 

Suppose that the complex line I is transversal to the complex tangent hyperplanc 
at the origin so that I is given by 

{c(o,l) :ceC} 

for some vector a £ C". We claim that the complex tangent hyperplanes of the 
real hyperquadric M and the complex line I are transversal at each point of the 
intersection 7: 

7 = Mn{c(a, 1) : c£ C} . 

Let (ca, c), c ^ 0, be a point of M so that 

(4.3) — (c + c) = ccia, a) 

2% 

and (/1, v) £ C" x C be a vector tangent to the complex tangent hyperplanc of M 
at the point (ca, c). Then we obtain 



so that 



where 



v — 2i([i, ca) = 

(H,y) = ^i(l,0, • • • ,0,0, 2ie{ca 1 ) 
+M2(0, l,--- ,0,0,2ie 2 ca 2 ) 

H 

+/i„(0,0, ••• ,0,l,2ie„co") 



(z, z) = eiz 1 ^ 1 H h e„z"z" 

ei,- ' ' ,e„ = ±1. 
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Thus the transversality at 7 is determined by the value: 
( 1 ••• 2ie 1 ca 1 \ 
1 ' ' • : 2ie 2 ca 2 



dct 



: '•• '•• : 

••• 1 2ie n ca n 



,1 „2 



Suppose that 



a z ■■■ a n 1 



1 — 2ic(a. a) = 0. 



= 1 — 2ic(a, a) 



Then the equality (4.3) yields c = 0. This is a contradiction to c 7^ 0. 

Thus the complex tangent hyperplancs of the real hypcrquadric M and the 
complex line I are transversal at each point of the intersection 7. Therefore, the 
intersection 7 is a curve transversal to the complex tangent hypcrplanes of M at 
each point of 7. This completes the proof. □ 

Let M be a nondegencrate analytic real hypersurface in a complex manifold and 
p be a point of M. Then we can take a normal coordinate with the center at the 
point p so that M is defined by 

v = (z,z}+ y^ F st (z,z,u) 



where 



min(s,£)>2 



AF 22 = A 2 F 23 = A 3 F 33 = 0. 



A connected open curve 7 on M is called a chain if it is locally putted into the 
u-curve of a normal coordinate at each point of 7. A connected closed subarc of a 
chain 7 shall be called a chain-segment. 

Lemma 4.2. Let M, M' be nondegenerate analytic real hypersurfaces and <j> be a 
biholomorphic mapping on an open neighborhood U of a point p € M such that 

(p(UnM)cM'. 

Suppose that there is a chain 7 o/M passing through the point p. Then the analytic 
curve (j> (U ("1 7) is a chain of M' . 

Proof. Let q E <j) (U ("1 7) . Since 7 is a chain of M, there exist an open neighbor- 
hood V of the point 4>~ l {q) G 7 and a normalization <f>\ of M such that <j>\ is 
biholomorphic V and 

^i(i / n7)c{z = D = o}. 

Note that ^ o ^) _1 is a normalization of M' such that, for a sufficiently small open 
neighborhood O of the point q, <f>\ o (\r x is biholomorphic on O and 

01 o </r ! (O n (V n 7)) C {z = v = 0} . 

Since q is an arbitrary point of <fi (U ("1 7) , the analytic curve ([/ n 7) is a chain. 
This completes the proof. □ 
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Lemma 4.3. Let M be a real hyperquadric v — (z, z) and p — (k, x) 7^ be a point 
of M. Then there is a chain-segment 7 : [0, 1] — v M such that 

7 (0) =0, 7 (1) =p 

whenever 

ftx^O or (k, k) ^ 0. 

Proof. Let <j) a be a local automorphism of a real hyperquadric with initial value 
(7 G H. Then the inverse 4>~ l of the local automorphism <p a is given by 

1 \ Z — 



(44) 0-1 . J ' l-2i{z*,p- 1 Ca)-w*(-rp- 1 +i(p- 1 Ca.,p- 1 Ca)) 

W — 



l-2i{z*,p- 1 Ca)-w(-rp- 1 +i{p- 1 Ca,p- 1 Ca)) 

Thus the chain passing through the origin and transversal to the complex tangent 
hyperplane at the origin, 7, is given with a normal parametrization by 



7 = (f)- 1 0* = v* = 0) 



1 — p -1 u* {—r+i(a,a) ) 

1/1 = P^ 1 "* 

w l-p- 1 u'(-r+i{a,a)) 



By taking r — 0, we easily see that the chain 7 is the intersection of M and the 
complex line 

{c(a,l) :ceC}. 



By Lemma 4.1, the chain 7 is transversal to the complex tangent hyperplanes of 
M at each point of 7. 

Let (k, x) 7^ be a point in C™ x C on M such that 

Then we have x 7^ whenever 

3?X^0 or (k, k) ^ 0. 
Note that the origin and the point (k, x), x 7^ 0, is connected by the chain 

r = A/n{c(x _1 K, 1) :cec}. 

This completes the proof. □ 

Lemma 4.4. Let M be a spherical analytic real hypersurface. Then M is locally 
biholomorphic to a real hyperquadric. 



In the paper [Pa3 , we have proved Lemma 4.4. 



Theorem 4.5. Let M be a spherical analytic real hypersurface and 7 : [0, 1] — > M 
be a curve such that 7[0, r] is a chain-segment for each r < 1. Then 7[0, 1] is a 
chain-segment of M. 



Proof. By Lemma 4.4, the real hypersurface M is biholomorphic to a real hyper- 



quadric at the point 7(1). Then, by Lemma 4.4, taking a normal coordinate with 
center at the point 7(1) yields 

v = (z,z) 

where the curve 7[0, 1] touches the origin and the part 7(0,1) is a chain. By 



Lemma 4.1 and Lemma 4.3, there exist a chain T passing through the origin, an 
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open neighborhood U of the origin, and a normalization <j> of M such that 4> is 
biholomorphic on U and 

(t)(mu) c{z = v = o}. 

Since 7[0, 1) C T and T is a chain of M, j[0, 1] is a chain-segment. This completes 
the proof. □ 

Proposition 4.6. Let M be a spherical analytic real hypersurface and p be a point 
of M. Suppose that there are an open cone Vg with its vertex at the point p and 
euclidean angle 9, < 9 < ?, to the complex tangent hyperplane at the point p, 
and an open neighborhood U of the point p. Then there is a number 5 > such 
that, for each given curve r\ : [0, 1] — > Vg fl B(p; S), there is a continuous family of 
chain- segments 

7 : [0, 1] X [0, 1] -> U n M 

where j(s, •) : [0, 1] — * U fl M is a chain-segment of M for each s G [0, 1] satisfying 

j(s,0) = p and j(s, 1) = r/(s) for all s G [0,1]. 



Proof. By Lemma 4.4, there is a biholomorphic mapping cj) of M near the point p to 
a real hyperquadric v = (z, z) such that N(p) = 0. Then we take a sufficiently small 
number e > so that each point q € <fi(V$)nB(0; e) is connected by a chain-segment 
7 C <j){U n M ) to the origin. Then we take a number 6 > such that 

^(7enB(p;<5))cW)nB(0;e). 



By Lemma L3, there is a continuous family of complex line l T such that the inter- 
section l T n </>([/ n M) is a chain and the chain l T fl </>([/ fl M) connects the point 
p and the point 4>(t](t)) for each r G [0, 1]. Hence there is a continuous family of 
chain-segments 

r : [o, i] x [o, i] -► 4>{U n m) 

where T(t, •) : [0, 1] — ► <p(U fl M) is a chain-segment for each r G [0, 1] satisfying 
r(r,0)=0 and T(r, 1) = <^(t?(t)) for all r G [0,1]. 



Then, by Lemma 4.2, the desired family of chain-segments on M is given by 

7 = (j)- 1 o T : [0, 1] X [0, 1] -»• u n M. 

This completes the proof. □ 

4.2. Chains on a nonspherical real hypersurface. 

Lemma 4.7. Let M be a nondegenerate analytic real hypersurface andp be a point 
of M. Suppose that there are an open cone Vg with its vertex at the point p and 
euclidean angle 9, < 6 < ?, to the complex tangent hyperplane at the point p, 
and an open neighborhood U of the point p. Then there is a number S > such 
that, for each given curve r\ : [0, 1] — ► Vg fl B(p; 5), there is a continuous family of 
chain-segments 

7 : [0, 1] X [0, 1] -► U H M 

where j(s, ■) : [0, 1] — ► U fl M is a chain-segment of M for each s G [0, 1] satisfying 

7(s,0) = p and j(s, 1) = T](s) for all s £ [0,1]. 
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Proof. By translation and unitary transformation, if necessary, we may assume that 
the point p is at the origin and the real hypersurface M is defined near the origin 

by 

v = F(z,z,u), F\ = F z \ = F^ o =0 
so that 

oo 

F(z,z,u) — 2_]F2(z,z,u). 

s=2 

With a sufficiently small number e > 0, we consider an analytic family of real 
hypersurfaces M^, \fi\ < e, defined near the origin by the equations: 

v = F*(z,z, u; jj) 

where 

oo 

F*(z,z,u;/j,) = ^iJ, k - 2 F k (z,z,u). 

s=2 

Note that the function F*{z, z, u; /i) is analytic of z, u, /i and the real hypersurface 
Mo(i.e., (J, — 0) is spherical. 

Then we obtain an analytic family of ordinary differential equations 

(4.5) p" = Q(T, P ,p,p',if;(x) 

so that each chain 7 passing through the origin on M M is given by 

. / X = p{t) 
\ w = T + iF* (p(t),p(t),t;h) 

where p(r) is a solution of the equation (4.5). The solution p of the equation (4.5) 
is given as an analytic function of r, fi, a, where 

o = j/(0). 

In fact, for a given real number v G K + , there are real numbers ti, e± such that the 
analytic function 

P = p(t, (i, a) 
converges absolutely and uniformly on the range 

\a\ < v, \t\ < Tl, |/i| <£l. 



Since Mq is spherical, by Theorem 4.6, for an open neighborhood U$ of the 
origin and an open cone V$ with its vertex at the origin and euclidean angle #o> 
< 9q < 7t , to the complex tangent hyperplane at the origin, there is a number 
do > such that, for each given curve i] : [0, 1] — ► Ve o nB(0; So), there is a continuous 
family of chain-segments 

70 : [0, 1] x [0, 1] -» U n M 

where 7o(s, •) : [0, 1] — * UoHMq is a chain-segment of Mo for each s £ [0, 1] satisfying 

70 (s, 0) = and 70 (s, 1) = rj(s) for all s € [0, 1]. 

Then, for an open neighborhood U± of the origin and an open cone Vg 1 with its 
vertex at the origin and euclidean angle 6\, < 6\ < f , to the complex tangent 
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hyperplane at the origin, there exist real numbers fXi,S\ > such that, for each 
given curve r\ : [0,1] — ► Vg 1 CiB(0;8i), there is a continuous family of chain-segments 

71 : [0, 1] x [0, 1] -> U x n M M1 

where 7i(s, •) : [0,1] — ► Ui fl M Ml is a chain-segment of M Ml for each s e [0,1] 
satisfying 

7i(s,0)=0 and 71 (s, 1) = r)(s) for all s G [0, 1]. 

By the way, the real hypersurface M M , /i 7^ 0, is obtained from M by the biholo- 
morphic mapping: 

j z* = /i _1 z 

For an open neighborhood U of the origin and an open cone Vg with its vertex at 
the origin and euclidean angle 6, < 8 < ^, to the complex tangent hyperplane at 
the origin, we take 8\ and a real number <5 > such that 

X»AVenB(0;6))cV ei nB(0;8 1 ). 

Then, for each given curve r\ : [0, 1] — » Vg n B(Q; 6), there is a continuous family of 
chain-segments 

71 : [0, 1] x [0, 1] -> U x n M M1 

where 71 (s, •) : [0, 1] — > x^i {U H M) is a chain-segment of M Ml for each s G [0, 1] 
satisfying 

7i(s,0)=0 and 71 (s, 1) = Xtn (v($)) for all s G [0, 1]. 
Then, by Lemma 12, the desired family of chain-segments on M is given by 

7 = X - 1 o 7l :[0,l]x[0,l]^(7nM. 
This completes the proof. □ 

Theorem 4.8. Let M be an analytic real hypersurface with nondegenerate Levi 
form and U be an open neighborhood of a point p of M. Then there are a number 
e > and a point q G U n M such that 

B(p;e)cU 

and, for each given curve r\ : [0, 1] — > B(p;s) D M, there is a continuous family of 
chain- segments 

7 : [0, 1] x [0, 1] -» U n M 

where j(s, •) : [0, 1] — > 17 PI M is a chain- segment of M for each s € [0, 1] satisfying 

rf(s,0) — q and j(s, 1) = rj(s) for all s G [0,1]. 

Proof. We take a point q sufficiently near the point p such that there are an open 
cone Vg and a number S > in Lemma 4.7 satisfying 

pe V e nB{q;S). 

Then we take a number e > such that 

%s)6V«n%i), 



The desired result follows from Lemma 4.7. This completes the proof. □ 
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4.3. Piecewise chain curve. Let M be an analytic real hypersurface with non- 
degenerate Levi form. Let 7 be a piecewise differentiable curve of [0, 1] into M such 
that there are disjoint open intervals Ij, % = 1, ••■ , m, satisfying 

m 

[o,i\ = \JT i 

and each fraction 7 (J,) , % = 1, • • • , m, is a chain-segment. Then 7 shall be called a 
piecewise chain curve. 

Lemma 4.9. Let M be a connected analytic real hypersurface and T be a continu- 
ous curve on M connecting two points p,q £ M. Then, for a given number e > 0, 
there is a piecewise chain curve 7 : [0, 1] — * M such that 

7(0) =p, 7(1) = q 
7 [0,1]C \jB(x;e). 

Proof. Since the curve F is compact, there are finitely many points Xi £ T, i = 
1, ■ • • , I, such that 



Fc \jB( Xl ;e). 



i=l 



Suppose that a; is a point on T and x G B{xi\e). Then, by Lemma 4.8, there is a 
number 5 X > such that every two points y,z e -B(a;; 5 X ) are connected by at most 
2-pieced chain curve 7 C B{xi;e). 

Note that the set {B(x; S x ) : x e F} is an open covering of T. Since T is compact, 
there is a finite subcover, say, 

k 

Tc\jB(y f ,S Vj ). 

3=1 
Then there is at most 2fc-pieced chain curve 7 : [0, 1] — ► M connecting the two 
point p,q £ M such that 

7[0,1]C \jB(x;e). 
xer 

This completes the proof. □ 

Lemma 4.10. Let M be a nondegenerate analytic real hypersurface. Suppose that 
there is a piecewise chain curve 7 connecting two points p,q e M. Then M is 
biholomorphic to a real hyperquadric at the point p if and only if M is biholomorphic 
to a real hyperquadric at the point q. 

Proof. Without loss of generality, we may assume that p and q are connected by a 
chain-segment 7 : [0, 1] — > M. Then there is a chain r of M satisfying 

7 [o,i]cr. 

For each point x £ T, there are an open neighborhood U x of x and a biholomorphic 
mapping A^ such that 

N x (x) = 

n x (u x nr) c { z = v = o}. 
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Since the subset 7[0, 1] is compact, there is a finite subcover, say, 

{U Xi : i = 1,- •• ,m}. 

Suppose that the normalization N Xi transforms M n U Xi to the real hypersurfacc 
M' x _ defined near the origin by 



J2 **(*»*> 1 



v = \z,z) + 

8,t>2 

Note that the functions Fg t (z,z, u) are analytic of u on the set N Xi (U Xi n T). Thus 

whenever there is an open subset U C L 7 ^ satisfying 

Fi t (z,z,u) = iorueN Xi (UnT). 
Thus the desired result follows. This completes the proof. □ 

Theorem 4.11. Let M be a connected nondegenerate analytic real hypersurface. 
Then M is not biholomorphic to a real hyperquadric at each point of M whenever 
there is a point p of M at which M is not biholomorphic to a real hyperquadric. 

Proof. The contrapositive may be stated as follows: M is locally biholomorphic 
to a real hyperquadric at each point of M whenever M is biholomorphic to a 
real hyperquadric at a point p of M. Suppose that there is a point p of M at 
which M is biholomorphic to a real hyperquadric. By Lemma |4.9|, each point q 



of M is connected to p by a piecewise chain curve. Then, by Lemma 4.1C, M is 
biholomorphic to a real hyperquadric at the point q as well. Since M is connected, 
this completes the proof. □ 

Lemma 4.12. Let M be an analytic real hypersurface and U be an open neighbor- 
hood of a point p € M. Suppose that U D M consists of umbilic points. Then U D M 
is locally biholomorphic to a real hyperquadric. 



In the paper [Pa3 , we have given the proof of Lemma 4.12 



Theorem 4.13. Let M be a nondegenerate analytic real hypersurface and p be a 
point of M. Suppose that M is not biholomorphic to a real hyperquadric at the point 
p. Then there is a normalization <fi near the point p such that <f> (M) is defined by 
the equation, for dimM = 3, 

^2 F st (z,z,u) 

min(s,£)>2,max(s,£)>4 



V = (Z,Z) 



wh 



ere 



and, for dimAf > 5, 



whe 



F 2 i(z,z,u) ^ 0, 
z) + ^2 F st (z,z,u) 

min(s,£)>2 

F 22 (z,~z,u) ^ 0. 
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Proof. Suppose that the assertion is not true. Then M is umbilic on all points of 



all chains passing through the point p. Then, by Theorem 4.7, there is an open set 



U such that every point of U ("I M is connected to p by a chain of M . Hence U D M 



consists of umbilic points so that, by Lemma 4.12, U C\M is locally biholomorphic 
to a real hyperquadric. By Lemma 4. 10|, M is biholomorphic to a real hyperquadric 



at the point p as well. This is a contradiction. This completes the proof. □ 

4.4. Global straightening of a chain. Let M be a nondegenerate analytic real 
hypersurface defined near the origin by the equation 

v=— In- — -: r+ ^ F st (z,z,u) 

4a 1 - Aa(z,z) *-^ y ' 

x ' ' min(s,t)>2 



where a is a given real number and 
By using the expansion 



AF 22 = A 2 F 2 , = A 3 Foo = 0. 



OO r 

x r - 



the defining equation of M comes to 



m 



V=(Z, Z )+ ^ F st( Z ' Z , U ) 

min(s,£)>2 

where 

AF 2 * 2 (z,z, u) = Aa(n + l)(z,z) 

A 2 F* 3 (z,l,u) = 

A 3 F 3 * 3 (z,z,u) = 32a 2 n{n+l)(n + 2). 

We may require the maximal analytic extension along the it-curve on the real hy- 
persurface M in Moser-Vitushkin normal form. 

Lemma 4.14. Let M be a real hypersurface defined near the origin by 

v={z,z)+ 2J F st (z,z,u) 



where 

Let £ be the mapping 
£ 



min(s,£)>2 



AF 22 = A 2 F 23 = A 3 F 33 = 0. 



z 



l — iaw 

W* 



lia l — iaw 

Then £ (M) is defined near the origin by the equation 

11 °° 

V = ^ ln i-Aa(z,z} + E F * AZ ^ U) 

x ' min(s,4)>2 



where 



AF* 2 = A 2 i^ 2 * 3 = A 3 F 3 * 3 = 0. 
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Proof. Suppose that the real hypersurface M is in Chern-Moser normal form is 
defined by the equation 

v = (z,z) + ^2 F st(z,z,u) 

min(s,£)>2 

where 

(4.6) AF 22 = A 2 F 23 = A 3 F 33 = 0. 

Let £ be a normalization of M to Moser-Vitushkin normal form leaving the u-curve 
invariant. We require the identity initial value o n th e normalization £ so that £ is 
necessarily of the form(cf. the proof of Theorem 0.4 ) 

z* = y/q'{w)U{w)z 
w* = q(w) 

where 

(U(u)z, U{u)z) = (z, z) and U(0)=id nxn . 

Suppose that £ transforms M to a real hypersurface M' defined by 

v = {z,z)+ J2 F st( z ^,u). 

min(s,t)>2 

Then we obtain 



F 22 (z, z, u) = q{u)F 22 (U(u)z, U(u)z, q(u)) 

- i(z, z)(z, U{u)- l {U'{u) + ^q'{u)-\"{u)U{u)}z) 

(4.7) + i(z, z) (Uiur^U'iu) + \q'{u)- l q"{u)U{u)}z, z) 

and 



(4.8) F 23 (z,z,u) = q'(u)^\q'(u)\F* 3 (U(u)z, U(u)z, «(«)). 

The condition A 2 F 23 = in (4.6) yields 

A 2 F* 3 (z,z-,u) = Q 

so that the M-curve is a chain of M' . We require that M' is in Moser-Vitushkin 
normal form so that 

AF* 2 (z,z-,u) = Aa{n + l){z,z) 

A 2 F; 3 (z,z-,u) = 

A 3 F 33 (z,z-,u) = 32a 2 n{n+l)(n + 2). 

Then, in (4.7), we require the following condition 

AF 22 (z,z-,u) = 

AF 22 (z,~z,u) = Aa(n + l)(z,z) 



so that 



4a(n+ l)q'(u)(z,z) 
+ i(n + 2){{U{uy 1 U'{u)z, z) - (z, t/(u) _1 C/'(u)z)} 



+ i(z, z){Tr(C/(u)- 1 f/'(u)) - TriUiu^U'iu))} 
(4.9) = 0. 
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From the condition (U(u)z, U(u)z) — {z, z), we obtain 

{U{u)- 1 U'(u)z 1 z) + {z,U{u)- l U'{u)z) = 
Tr{U{u)- l U'{u)) + TriUiu^U'iu)) = 0. 
The equality (4.9) comes to 

2ai(n + l)q'(u)id nxn = (n + 2)U(u)- 1 U'(u) + Ti{U {u^U' {u))id nxn , 
which yields 

Ty{U {u)- 1 ^ {u)) = aniq'(u). 
Hence we obtain 

U'(u) = aiq'(u)U(u). 
Thus the function U(u) is given by 

U(u) = cxpaiq(u). 
Then the mapping £ is necessarily of the form: 



rx . j z* = \fq'{w)z exp aiqiw) 
\ w* = q{w) 

Then we have 

F 33 (z 7 lz,u) = q'{u) \q'(u)\F 33 (z,J,q(u)) 
-6aq / (u) 2 (z,z)F 22 (z,J,q(u)) 

We have the following identities: 

A 3 (z,z} 3 = 6n(n + l)(n + 2) 
A 3 {F; 3 (z,J,q(u))} = A 3 F* 3 (z,z;q(u)) 
A 3 {(z,z)F; 2 (z,z,q(u))} = 3(n + 2)A 2 F; 2 (z,z,q(u)). 
Then, by requiring in (4.10) the following conditions 

A 3 F 33 {z 7 z,u) = Q 
and 

Af 2 *2(z,7,u) = 4a(n + \){z, z) 
A 3 F 3 * 3 (z,z,u) = 32a 2 n{n+l)(n + 2), 
we obtain 

q'"(u) l(q"(u)\ 2 2a 2 2 

We easily check that the solution q(u) with the initial value 

q(0)=q"(0) = and q'(0) = 1 

is given by 

, . 11 + iaw 1 _i 

g(w) = In = — tan aw. 

2ia 1 — law a 



MAIL YOUR COMMENTS TO WONNIEPARK@POSTECH.AC.KR 69 

Then, with this q(w), we easily check as well that 

\/q'(w) expaiq(w) = . 

I — law 

This completes the proof. □ 

Lemma 4.15 (Ezhov). Let M be an analytic real hyper surf ace in Moser-Vitushkin 
normal form and <f> be a normalization of M to Moser- Vitushkin normal form such 
that <j> leaves the u-curve invariant. Then the mapping <f> is given by 



z* = v /sign{g'(0)}g'(u;)C/ze m («( to )-"') 
w* = q(w) 

where 

(Uz,Uz)=sign{q'(0)}(z,z) 

and the function q{u) is a solution of the equation: 



(£)'♦£<*■-»- 



<f_ _ 1 fq" 
Zq 1 ~ 2 

Proof. Suppose that the real hypersurface M is in Moser-Vitushkin normal form is 
defined by the equation 

v=(z,z}+ ^2 F st (z,z,u) 

min(s,i)>2 

where 

AF 22 (z,z,u) = 4a(n + l){z,z) 

A 2 F 23 (z,z,u) = 

A 3 F 33 (z,z,u) = 32a 2 n{n+l)(n + 2). 

Let </> be a normalization of M to Moser-Vitushkin normal form leaving the u-curve 
invariant. Then the mapping </> is necessarily of the form(cf. the proof of Theorem 

z* = ^sign{q'(0)}q'(w)U(w)z 
w* = q(w) 

where 

(U(u)z,U(u)z) = sign{q'(Q)}{z,z). 

Suppose that <j> transforms M to a real hypersurface M' defined by 

v={z,z)+ Yl F st( z ^,u). 

min(s,t)>2 

Then we obtain 



F 22 (z, z, u) = q'{u)F^{U{u)z, U(u)z, q(u)) 

~i(z,z)(z 1 U(u)- l {U'(u)+ l -q'(u)- 1 q"(u)U{u)}z) 

+ i(z, z) {U{u)- l {U'{u) + ):q'{u)- l q"{u)U{u)}z, z) 
F 23 (z,z,u) = q'(u)V\q^\Fi 3 (U(u)z,U(u^,Q(u))- 
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Then we easily see that 

A 2 F* 3 (z,z,u) = 0. 

We require the following condition 

AF22{z,z,u) — AF2 2 {z,z,u) 
= 4a(n + \){z, z) 

so that 

4a(n+ 1)(</ (u) - l){z,z) 

+ i(n + 2){(U(u)- 1 U'(u)z, z) - (z, U(u)- l U'(u)z)} 



+ i(z, z){Ty{U{u)- 1 U'{u)) - TriUiu)- 1 !!'^))} 
(4.11) =0. 

From the equality 

(U(u)z,U(u)z) =sign{q'(0)}(z,z), 

we have identities 

(U(u)- 1 U'(u)z,z) + (z,U(u)- 1 U'(u)z) = 



Tr(U(u)- 1 U'(u)) + Tr(U(u)- 1 U'(u)) = 0. 
The equality (4.11) comes to 

2ai(n + l){q'(u) - l)id nxn = (n + 2)U(u)- 1 U'(u) + Tr(f7(u) _1 C/'(u))id r! 
which yields 

Tt{U {u)- 1 ^ {u)) = ani(q'(u) - 1). 
Hence we obtain 

U'(u) = ai(q'(u) - l)U(u). 
Thus the function U(u) is given by 

U{u) = U{0)e ai ( q{u ">- u \ 
Then the mapping <f> is necessarily of the form: 



z* = ^/sign{q' (0)}q' (w)U(0)z exp ai(q(w) — w) 
w* = q(w) 

where 

(U(0)z,U(0)z) =sign{q'(0)}(z,z). 

Then we have 



F 33 (z,z,u) = q'(u)\q'(u)\F* 3 (U(0)z, U(0)z, q(u)) 



- 6aq'(u)(q'(u) - l)(z, z)F^(U(0)z, 17(0)*, q(u)) 
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We have the following identities: 

A 3 (z,z) 3 = 6n(n + l)(n + 2) 
A 3 {F; 3 (U(0)z,U{0^,q(u))} = sign{</(0)}A 3 F 3 * 3 (z,z, <?(«)) 

A 3 {(z,z)F* 2 (U(0)z,U(QJz~,q(u))} = 3(n + 2)A 2 J F 2 * 2 (z,z, q(u)). 

Then, requiring in (4.12) the following condition 

A 3 F 33 (z,z» = A 3 F; 3 (z,1,u) 

= 32a 2 n(n+l)(n + 2), 



71 



we obtain 



q'"(u) 1 (q"{u) 
3q'(u) 2\q'(u) 



This completes the proof. 



6a 2 (q>(u)-lf + ^-( q >(uf 
-12c?q'{u){q'{u)-l) 



i) 



n 



Lemma 4.16 (Vitushkin). Let q(u) be an analytic solution of the equation 



(4.13) 



q'"(u) 1 fq"(u) 
2 



2a 2 



3q'{u) 2 V q'{u) J 3 

Then the function q(u) is given by the relation 



{q'{uf 



0. 



e 2aiq(u) _ & i\ 



where 

A e M, kgC, 

Further, the function q(u) satisfies the relation 
~q(u 2 ) - q{ux) 



1 + Ke 2aiu 
',, \k\^1. 



sign{g'(0)} 



u 2 - Ul 



■net 



Proof. Let £ be the mapping in Lemma |4.14| . Then the normalization cf> = (f*,g*) 
to Moser- Vitushkin normal form is given by the relation 

where ip — (/, g) is a normalization to Chern-Moser normal form. Explicitly, we 
obtain 

{ £ ^ . -. f( z(l — i tan aiu),a~ t&naw) 

■/ V ' / l-ia^(2(l-i tan aii!),Q _1 tan au;) 

g*(z, w) = or 1 tan -1 ag (z(l — i tan aw), a -1 tan aw) 



Here we take 



so that 



7 * _ Cz 
-, . / " 1-rw 

V ■ 1 w * = _£»_ 

1— rit) 



z* = ^/sign{Q'(0)}Q'(exp 2aw)Cz 
w* = o^T lnQ(exp2aiw) 
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where 

Q{w) = e' A 

1 + KM) 

and 

iX _ a{\ + p) + ir _ a(l — p) - ir 
a(l + p) — ir a(l + p) + ir' 

p = Q' (0)^0, p,reK. 

Then the solution q(u) of the equation (4.13) is given by 

q(u) = - — : lnQ(exp2aiu) 
so that 





e 2aiq(u 


) _ c i\ e + K 

1 + Ke 2aiu 


Ael 


, and |k| ^ 1. 


Finally, note that the mapping 




w* 


_ c i\ w + « 

1 + KW 


is an automorphism of the circle S 1 


. Thus we obtain 




~q(u 2 ) -q(ui)~ 


= sign{g'(0)} 


u 2 — U\ 
-kot 1 



This completes the proof. □ 

Theorem 4.17 (Vitushkin). Let M be a nondegenerate analytic real hypersurface 
and 7 be a chain passing through the point p. Suppose that there are an open neigh- 
borhood U of p and a normalizing mapping (ft of M to Moser- Vitushkin normal form 
such that (ft translates the point p to the origin and 

<H7 n u) c {z = v = 0} . 

Then the biholomorphic mapping (ft of M is biholomorphically continued along 7 
such that 7 is mapped by the mapping (ft into the u-curve in Moser- Vitushkin normal 
form. 

Proof. Let M' be a real hypersurface in Moser- Vitushkin normal form such that 
M' is maximally extended along the u-curve to the interval (u_, u+), where 

—00 < u_ < < u_|_ < 00. 

Let (ft be a normalizing mapping of M to M' such that 7 is mapped by (ft into the 
w-curve and the point p is mapped by (ft to the origin. Then we claim that the 
mapping (ft is biholomorphically continued along 7 so that 

(4.14) 0( 7 ) C («_,«+). 

Suppose that the assertion is not true. Then there is a chain-segment A : [0, 1] — ► 7 
such that A(0) = p and (ft is analytically continued along all subpath A[0, r], r < 1, 
but not the whole path A[0, 1]. Let q = A(l). Since 7 is a chain and q is an interior 
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point of 7, there are an open neighborhood V of the point q and a normalizing 
mapping h of M to Moser-Vitushkin normal form satisfying 

h(q) = 
h(VTl7) C {z = v = Q}. 

We take a point x on A[0, 1] such that 

x e A[0, l) n U. 

Then, by Lemma 4.15J , there are an open neighborhood W of the point x and a 



biholomorphic mapping k satisfying 

6 = koh on J4 7 n V. 



By Lemma hTq and Lemma 4.16, the mapping k is biholomorphically extended to 



an open neighborhood of the whole u-curve. Thus passing to an open subset of U 
containing A[0, 1] fl U, if necessary, the following mapping 

k o h on V 

is an analytic continuation of (f> over the point A(l). Then necessarily we have 

k o h(X[0, 1] n V) c (u-,u+). 

This completes the proof. □ 

4.5. Extension of a chain. 

Lemma 4.18. Let M be a nondegenerate analytic real hypersurface and"/ : [0, 1] — > 
M be a continuous curve. Then there exist a continuous family of real hypersurfaces 
M T , t £ [0, 1], in normal form and a continuous family of biholomorphic mappings 
4> T , t € [0,1], such that <j) T translates the point 7(7") to the origin and transforms 
the germ M at 7(1") to the germ M T at the origin for each r € [0, 1] and the radius 
of convergence of the mapping <p T at the origin depends only on M and the point 
7(7-). 

Proof. Without loss of generality, we may assume that the point 7(0) is the origin 
and the real hypersurface M is defined near the origin by 

v = F(z,z,u), F\ = F z \ = F-\ Q = 

and the curve 7[0, 1] is given by some continuous functions p(r) and q(r) via the 
equation 

7: { w = q(T)+iF(p(T),p(T),q(r)) for T e t ' ^ 
where 



q(r) =q{r). 
Let ip T be a biholomorphic mapping defined by 
z* — z — p(r) 



1 : ' •* =w- q(r) 2*ELi z a (B) (p(r)Mr),q(r)) 

Then we obtain the real hypersurfaces <p T (M) , r 6 [0,1], defined at the origin by 
the equation 

v = F-(z,z,u), F T | o =FJ| =F;| = 
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where 
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F T {z,z,u) = F(z+p(T),z+p(T),u + q*(T)) 

-F(p(T),p(T),q(T)) 



dF 



E 



( P (t),p(t), 9 (t)) 



a=l 



and 



<9F 



cf(r) = q (r)+ l Y,z a [g^)(p(r),p(r),q(r)) 

Kdzf 3 ) 



liz^iS)^)^)'^)) 



0=1 



Let ip T 



(/ r ,<7 T ) be a normalization of the germs (p T (M),T e [0,1], with 
identity initial value such that the real hypersurface ip T o ip T (M) is defined by the 
equation 



j ' z ) + ^2 F k T ( z , z , u )- 



fe=4 



By Theorem 0.6, the functions 



T-(f,S T ) 

t < — >T,T=4 F k T ( z > z > u ) 
are conditnuous. Then the mappings <f> T — ip T o ip T and the real hypersurfaces 
M r = ip T o ip T (M) for each r g [0, 1] satisfy all the required conditions. This 
cmpletes the proof. □ 

Lemma 4.19. Let M be a nondegenerate analytic real hypersurface andj : [0, 1] — > 
M be a curve such that j[0,t] is a chain- segment for each r < 0. Let U be an open 
set satisfying j[0, 1) C U and (f> be a normalization of M on U to Moser-Vitushkin 
normal form. Suppose that there is a chain-segment A on <f> (M) in the u-curve 
satisfying 

0( 7 [O,1))CA. 



Then 



whe 



sup 

0<T<1 






< oo 



r 1 = (/,<?)■ 

Proof. Suppose that the real hypersurface M is defined on an open neighborhood 
U of the origin by the equation 

v=F(z,z,u), F\ o =dF\ =0 
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and the curve 7[0, 1] c M n U is passing through the origin. Then there is a 
biholomorphic mapping 

z = z* +D(z*,w*) 
w — w* + g (z*, w*) 

where 

D z (0,u)=0, 3? 5 (0,u) = 

such that the mapping cf> straightens 7[0, 1] into the w-curve and transforms M to 
a real hypersurface <f> (M) defined by 

v = Fn ( z >%, u )+ Yl F s* ( z >*> u ) 

8,t>2 

where 

(tr) 2 F 23 = 0. 

Note that F*i (z,~z,u T ) is the Levi form of M at the point 7 (r) e U fl M for 
t £ [0,1], where 

(0,u T ) =(j)oj{r). 

Since A is a chain-segment, Fq (z,~z,u T ) may be finite for all r G [0,1]. Thus we 
can take a matrix E\ (u) and a real number c > such that 

F*! (z, z, u) = (-Ei (u) z, -Ei (w) z) 

and 



sup 



We shall show 



where <f> l = (/, (?) and 



up {||EiK)||, EiK) 1 } 
[0,1] L J 

up {||E(u T )||, EK)- 1 } 

7-<l L J 

fa/ \ 



< c < 00. 



sup 

0<T< 



< 00 



E(u) = 



On: 



z=v=0 



Here the function E(u) satisfies the following ordinary differential equation(cf. 



Ei*i (E(u) ^'(mJz,!,!!] 



— —7 ' trE 22 [z, z, u) + - -— - z, z, M) 
n + 1 2 \ ou J 

(tr) 2 E 2 * 2 x F^ (*,:?,«). 



(n + l)(n + 2) 

We easily see that there is a real number e > such that 



Notice that 



sup ||F(u T ) 1 F'(u r )|| < e < 00. 

0<r<l 



Eiu^E'iu) = - (Eiu)- 1 )' E{u). 
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Because A is a chain-segment, we have 

du < / du < oo. 

/0o 7 [O,l] JX 

Hence we obtain the following estimates 

|| £7(iiT-)| < ||-E(mo)|| exp / edu < oo 

J<j>o-y[0,l] 



where 



\E(u T ) < \\E(uo) exp / edu < oo 



(O,m o ) = 0o 7 (O). 



So the condition Fi 1 (z, z,u) — (E (u) z , E (u) z) determines the matrix E (u) 
such that 

E (u) = £/ (m) ^i (u) 

where [/ (it) is any matrix satisfying 

(U (u) z, U (u) z) = («,«). 

Hence we have the following relation 

c^ll^COH < \\U(u T )\\<c\\E(u T )\\ 



E( Ur y 



< 



u(u T y 



< c 



for all r G [0, 1]. Therefore, we also have showed 



sup 

t£[0 

This completes the proof. 



. {\\U(U T )\\, UiUr)- 1 } 

1) L > 



E( Ur y 



< oo. 



□ 



Lemma 4.20. Let M be an analytic real hypersurface in normal form defined by 

v = (z, z) + F* (z,Z, u) 
where 



F* (z, z,u) =^2 F k ( z , z -, u ) ■ 



k=A 

Suppose that M is not a real hyperquadric. Then there is an integer I > 4 such that 
Fj* (z,z, u) = for all k <l — 1 

f;(z,z, u )^o 

for any value of U, a, p, r. 



In the paper |Pa3 , we have given the proof of Lemma 4.20. 

Theorem 4.21. Let M,M' be nonspherical analytic real hypersurfaces and 7 : 
[0, 1] — ► M be a curve such that 7[0, t] is a chain-segment for each r < 1. Let U be 
an open neighborhood of"f[0, 1) and <j) be a biholomorphic mapping on U such that 
4> transforms M to a real hypersurface M' satisfying 

4>(U n M) C M' 
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and there is a chain-segment A : [0, 1] — ► M' satisfying 

0( 7 [O,1))CA. 
Suppose that there is a real number c > 1 swc/i f/iaf 
(4.15) sup sup ||Cr|| < c < oo 

0<r<l((/ T ,0,p T ,r T )eff Ml) (M') 

where H\t T \{M') is the local automorphism group of M' at the point A(r) in a 
normal coordinate with the chain-segment A on the u-curve. Then there exists a 
chain T on M satisfying 



7[o,i]cr, 



i.e., 7[0, 1] is a chain- segment. 



Proof. Without loss of generality, we may assume that the real hypersurface M' is 
in Moser-Vitushkin normal form with the chain-segment A on the u-curve so that 
M' is defined by the equation 



1 , 1 

V = —Ul — : r 

4a 1 — 4a(z, z) 



^G k (z,z,u). 



fe=4 



Here we assume a/0 and later we shall take a sufficiently small value for a. 
There exists a continuous function thm t for r £ [0, 1] such that 

(0,Ur) = ^(7(r))C A for re [0,1). 

Since the chain-segment A is compact, there is a real number u\ such that 

(0,Mi) = lim 0( 7 (r)) £ A. 

Then we obtain a continuous family of analytic real hypersurfaces M' T , r £ [0, 1], 
defined near the origin by 



1 , 1 

v = - — In ; - 

4a 1 — 4a(z, z) 



+ G T (z, z, u) 



where, for r £ [0, 1], 



G T (z,z 7 u) = 2_,Gk (z,z,u + u T ) 

k=A 
oo 

= ^GUz^z^u). 



k=i 



By Lemma 4.18, we obtain a continuous family of analytic real hypersurfaces M T , 
t £ [0, 1], in normal form and a continuous family of biholomorphic mappings ip T 
for the real hypersurface M and the curve 7 : [0, 1] — > M. Then, for each r £ [0, 1), 
there exist an open neighborhood V T of the origin and a chain j T on M T passing 
through the origin such that 

^ 1 (T/ T n 7 r)c 7 [o,i). 

Suppose that M r , r G [0,1], is defined in normal form by 

oo 

v = (z,z) +2J-Fjfc (z,z,u). 

k=i 
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By Lemma 4.20, there is a well-defined integer m T , r £ [0, 1], such that 

F£ (z, z, u) = for k < m T — 1 
F^(z,z,u) y^O 

because M T is nonspherical. 

Let 4> T be a normalization of M T for each r £ [0, 1) to Moser-Vitushkin normal 
form such that the initial value a of the mapping (f> T is given by 

a = (id nxn ,a T , 1,0) 

where a T is determined by the condition 

<p T ( 7r n M T ) C {z = V = 0} 

Suppose that T (M T ) , t £ (0, 1), is defined near the origin by the equation 

v = — In — + F* T (z, z, u; a T ) 

4a 1 — 4a(z, z) 

where 

oo 

F* T (z, z, u; a T ) = J^ F^ T (z, z, u; a T ) . 

fc=4 

Notice that the function r i — ► a T is continuous on [0, 1) and, by Theorem [Xq, the 
function 

t i — > F* T (z, z, u] a) 

is continuous on [0, 1) for a fixed a £ C™. 

Note that the two real hypersurfaces <p T (M T ) and M' T are in Moser-Vitushkin 
normal form and biholomorphic to each other at the origin for all t <G [0, 1) by a 
biholomorphic mapping leaving the w-curve invariant. Thus there is a mapping 



T ' \ w* = q T (w) 
such that 

T (M r ) = Vr (M;) for all re [0,1). 
Then the function g T (it) is a solution of the ordinary differential equation 

^-U<q 2 +^V-i)=o 

3g' 2 V q' J 3 K ' 

with the initial conditions 

9fy(0) = 0, S ? '(0)=p T eK+, 3V'(0) = 2 Prr T € K. 
Suppose that f/v (M£) , t e [0, 1), is defined by the equation 

u = — In — -. r + G* T (z,z, u) 

4a 1 -Aa(z,z) 

where 

oo 

G* T (z,Z,u) = ^G* k T (z,J,u;U T ,p T ,r T ). 

fc=4 

Since 4> T (M T ) — ijj T (M' T ) for r £ [0, 1), we obtain 

(4.16) Ffr T (z, z, u; a T ) = G£ T (z, z, u; U T ,p T ,r T ) for fc > 4. 
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We take a sequence Tj , j € N, such that 

Tj e [0, 1) and Tj / 1. 
Then there exist a matrix C/ T . and a function q T {u) such that 



7!) 



| z* = J q' T .(w)U Tj z exp m(q r . (w) - w) 
[ w* = q Tj (w) 



Lemma 4.19 and the condition (4.15) allow us to assume 

sup 1 1 U Tj | < oo 

3 

so that, passing to a subsequence, if necessary, there exist a matrix U satisfying 

U = lira U Ti . 



By Lemma 4.16, all the functions q T (u) satisfy the following estimate 
I'M") | = \q T] (u)-q Tj {0)\ 



< n \a\ 



< n \a\ 



< |u| + 27r|a 



\Qt 3 (u) ~ g Tj (0)\ 
w \a\ 



7r \a\ 
i-i 



Because A is a chain-segment on M', the functions q T (u) are bounded in the range 
which we have interested in. Further, notice that 

q Tj [ira~ ) = ±ira~ for all j. 

Then, passing to a subsequence, if necessary, Montel theorem and Hurwitz theorem 
allow us to have a function q(u) such that 



and 



q(u) = lim q T Au) 



q (0) = and q' (0) ^ 0. 



Hence, passing to a subsequence, if necessary, there is a real number e > such 
that 



sup 
j 



{\Kh 



U' 1 



\Pr,\ 



Pr, 



si} 



< e < oo. 



By the definition of the integer mi, we have 

lim T _>i F£ (z, z, u) — 0, k = 4, • • • ,n%i — 1, 
lim T _>i F£ ll (z,z, u) ^ 0. 

Then the funtion F^T +1 (z,~z, u; a T ) may be decomposed to three parts as follows 

(4-17) 

Kn + l ( z , z , u \ «r) = Kn + 1 ( z ' z -> u ) + H mi+1 ( z > z -> u \ a r) + Kn + l ( z , z , u ', <h) 
where 
(1) the function HJ ni+1 (z,~z, u\ a) is determined by the function F^ li (z,~z, u), 
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(2) the function L T m +1 (z, z, u; a) is determined by the functions F£ (z,z, u) , k < 
mi - 1, 

(3) the function H^ li+1 (z,~z, u; a) is linear with respect to a and the mapping 

a i — ► lim lim H^ +1 (z, z, u; a) 

q^O r— *1 

is injective(cf. Lemma |2.8| ), where a is the parameter of Moser-Vitushkin 
normal form, 

(4) the function L 7 mi+1 (z,~z, u; a) depends polynomially on the parameter a and 

lim lim L T m +l (z,~z,u;a) = for any fixed a G C n . 

a^O T— *1 

Notice that there is a real number e± > such that the mapping 

a i — ► H^ 1+1 (z,z,u;a) 

is injective for all \a\ < E\ and all r > 1 — ei. We take a value for the parameter a 
such that < \a\ < £i- 

Then the equalities (4.16) and (4.17) yields 

#m 1+ i (2.2. «; Or,) +i^ 1+1 (z,z,u;a Tj ) 

= Ci+i ( z . 2, u; U Tj , p T] , r Tj ) - F2 1+1 {z, z, u) . 

By taking smaller e\ > 0, if necessary, the injectivity of the mapping a i — > 
Hmi+i ( z '~z> u ! a ) allows to take an estimate of a Tj such that there is a real number 
C\ > and 

a Tj < ci < oo for all Tj , j £ N. 

Notice that the function r — > a T is continuous. Thus there exists a real number 
c > such that 

\a T \ < c < oo for all r e [0, 1). 

Therefore, there exists a sufficiently small real number <5 > independent of 
t € [0,1) such that the real hypersurface M r and the chain 7 T C M T extend to 

m t = ^(VvMnBM) 

7r = 0- 1 ({^ = v = O}nB(O;5)) 

and the mappings if" 1 extends biholomorphically on B(0;S). 
Then there is a sufficiently small real numbers e > such that 

7(i)€pri e (£(0;<J)) 

so that the following curve T defined by 

r = 7 [o, i) u ^ri (7i-e) 

is a chain on M such that 

7 [o,i]cr. 

This completes the proof. □ 

Note that the condition (4.15) is trivially satisfied if the Levi form on the real 
hypersurface M is definite. 
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Theorem 4.22. Let M be a strongly pseudoconvex analytic real hypersurface and 
7 be a chain on M. Let T : (0, 1) — ► M be the maximally extended connected open 
analytic curve on M containing the chain 7 and Tq be a maximal subarc of T such 
that Tq contains the chain 7 and Tq is transversal to the complex tangent hyperplane 
of M at each point of To. Then Tq is a chain, i.e., for each point p £ Tq, there exist 
an open neighborhood U of the point p and a biholomorphic mapping (f> on U such 
that 

</>(£/ nr) c {z = v = o} 

and the mapping <f> translates the point p to the origin and transforms the germ M 
at the point p to normal form. 

Proof. Let M' be a real hypersurface in Moser-Vitushkin normal form such that 
M' is maximally extended along the u-curve to the interval (w_, u+), where 

— 00 < u- < < u + < 00. 

Suppose that there is a normalizing map ping < p of M to M' such that 7 is mapped 



by </> into the it-curve. Then, by Theorem 4.17 , the mapping (f> is biholomorphically 
continued along 7 so that 

0(7) c {u-,u+). 



By Theorem 4.21, the chain 7 can be extended on M, say, to a chain T C M, 



whenever an end limit of 7 exists on M and the corresponding end limit of 0(7) is 



an interior point of (v,—, u + ). By Theorem 4.17, the mapping <f> is biholomorphically 
continued along T so that 

0(T)C(«_,U+). 

Hence there exists a unique chain T : (0, 1) — > M maximally extended from the 
chain 7 such that 



and 



Suppose that 



lim T(t) 4 M or lim </>(T(t)) £ {u-,u + } 

T~>0 T— »0 



lim T(t) 4 M or lim <J>(T(t)) £ {u-, u + }. 

T—*l r^l 



lim T(t) £ M and lim (f>(T(r)) £ {u-,u + }. 



We claim that the analytic curve T : (0, 1) — > M is not analytically continued over 
the limit 

q = lim T(r) £ M 

transversely to the complex tangent hyperplane of M at the point q £ M. Oth- 
erwise, there exist an open neighborhood U of the point q and an analytic curve 

A : (-1, 1) -v M such that 

U H A(0, 1) C r(0, 1) and A(0) = q 

and A is transversal to the complex tangent hyperplanes of M at each point of A. 
Then there exist a sufficiently small real number e > such that the analytic curve 

A(-e,e)ur(0, 1) 
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is an chain as well. Then M' is analytically extended along the it-curve over the 
point u_ or u+. This is a contradiction to the definition of the point u_ and u+. 

Therefore, the chain T is the maximally extended connected open analytic curve 
containing the chain 7 which is transversal to the complex tangent hyperplanes of 
M at each point of V. This completes the proof. □ 

5. Analytic continuation of a biholomorphic mapping 

5.1. On a spherical real hypersurface. 

Theorem 5.1 (Pinchuk, Chern-Ji). Let M be a spherical analytic real hypersur- 
faces with definite Levi form in a complex manifold, U be a connected neighborhood 
of a point p £ M, and <j> be a biholomorphic mapping such that <f>{U n M) C S + . 
Then the mapping <f> continues holomorphically along any path in M as a locally 
biholomorphic mapping. 

Proof. Suppose that the assertion is not true. Then there would exists a path 7[0, 1] 
such that a biholomorphic mapping <fi at the point p = 7(0) can be biholomorphi- 
cally continued along all subpath 7(0, r] with r < 1, but not along the whole path. 
We set q = 7(1). Since M is spherical, every point of M is umbilic. By Lemma 



4.12, there is an open subset U q of the point q and a biholomorphic mapping h q on 



U q such that 

h q (U g n M) c S 2n+1 

and we can take r satisfying j(t) <E U q n M for all t 6 [r, 1]. Then there are an 
open neighborhood U of the point 7(7") and a unique automorphisms tp of S 2n+1 
such that 

4> = cp o h q on U fl U q . 

By a classical theorem of Poincare, ip is biholomorphic on an open neighborhood of 
5 2 ™ +1 . Thus passing to an open subset of U q containing 7(0, 1] C\ U q , if necessary, 
ipoh q is an analytic continuation of </> on U q . This is a contradiction. This completes 
the proof. □ 

Theorem 5.2 (Pinchuk). Let D be a bounded strongly pseudoconvex domain in 
C n+1 with simply connected real-analytic boundary dD. Suppose that dD is a spher- 
ical analytic real hypersurface. Then there is a biholomorphic mapping (f> of D onto 
B n+1 . 



Proof. By Lemma 4.12, dD is locally biholomorphic to S + . We take a point 



p G dD and an open neighborhood U of p such that there is a biholomorphic 



mapping (j> on U satisfying cf)(UndD) C S 2n+1 . Then, by Theorem 5.1, the mapping 
<p extends along any path on dD as a local biholomorphic mapping. Since dD is 
simply connected, the monodromy theorem yields a unique biholomorphic extension 
(j>, by keeping the same notation, on an open neighborhood of dD. 

Note that <\> : dD — » S 2n+1 is an open mapping because <\> is biholomorphic on 
an open neighborhood of dD. Since dD is compact, the mapping <\> : dD — » S 2n+1 
is a covering map. Further, since S 2n+1 is simply connected, the mapping </> : 
dD — » 5 2n+1 is a simple covering map so that there exists a biholomorphic inverse 
4>~ l : S 2n+1 — > dD. By Hartogs extension theorem, the mappings <j>, (fr 1 extend to 
open neighborhoods respectively of D and B n+1 . Thus the mapping cj> induces a 
biholomorphic mapping of D onto B n+1 . This completes the proof. □ 
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Theorem 5.3. Let D be simply connected open set in a complex manifold with 
compact simply connected real- analytic boundary dD and compact closure D. Sup- 
pose that dD is a spherical analytic real hypersurface. Then there is a biholomorphic 
mapping (f) of D onto B n+1 . 

Proof. By the same argument, there is a biholomorphic mapping <f> on an open 
neighborhood of the boundary dD such that (j> : dD — v S 2n+1 is a simple covering 
map. Thus there exists a biholomorphic inverse <\>~ l : S 2n+1 — > dD. By Hartogs 
extension theorem, the mapping <fr x extends to the open ball B n+l as a local biholo- 
morphic mapping. Since B n+l and D are compact, the mapping c/) _1 : B n+l — ► D 
is a covering mapping. Since D is simply connected, <f>~ 1 : B n+l — ► D is a simple 
covering map. Thus the mapping </> induces a biholomorphic mapping of D onto 
B n+1 . This completes the proof. □ 

Let Q be a real hyperquadric in CP™ which is defined in a homogeneous coor- 
dinate 

(*7,CV--,C\£)eC"+ 2 

by the equation 

Yi (en -»£) = (co 

where 

(c,o = c 1 c r +--- + c e e re 7 

Then the real hyperquadric Q is given in the inhomogeneous coordinate chart~ 
C™ +1 by the equation 



Yi (w-w) 



C 1 C"\ c 

U) = — . 



where 



r\ -q ; r) 

Lemma 5.4 (Chern-Moser). Let Q be a real hyperquadric in CP™ and U be an 
open neighborhood of a point p € Q. Suppose that there is a biholomorphic mapping 
<fi onU such that 4>(U0Q) C Q. Then the mapping cf> extends to be an automorphism 
of Q which is biholomorphic on an open neighborhood of Q. 

Proof. By composing a linear mapping of CP™ to <j>, if necessarily, we may assume 
that 4> has a fixed point q <G Q. Further, passing to an inhomogeneous coordinate 
chart, 4> is a local automorphism of the real hyperquadric v = (z, z) in C™ +1 . By 



Theorem D.4, the mapping is necessarily to be a fractional linear mapping as 
follows: 

* _ C(z - aw) 

1 + 2i(z, a) — w(r + i(a, a)) 
pw 

W = TT". 

1 + 2i(z, a) — w(r + i(a, a)) 

Thus the mapping <f> extends to be a linear mapping in CP™ . This completes the 
proof. □ 
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Theorem 5.5. Let M be a spherical analytic real hypersurface with nondefinite 
Levi form in a complex manifold, U be a connected neighborhood of a point p G M, 
and <fi be a biholomorphic mapping on U such that 

<p(U f\M)cQ 

where Q is a real hyperquadric in CP . Then the mapping <fi continues holomor- 
phically along any path on M as a locally biholomorphic mapping. 

Proof. Suppose that the assertion is not true. Then there would exists a path 7[0, 1] 
with p = 7(0) such that a biholomorphic mapping <fi on the neighborhood U of p 
can be biholomorphically continued along all subpath 7[0,r] with r < 1, but not 



along the whole path. We set q = 7(1). Since M is spherical, by Lemma 4.12, there 
is an open subset U q of the point q and a biholomorphic mapping h q on U q such 
that 

h q {U q n M) C Q. 

We take r satisfying j(t) <G U q P\ M for all t 6 [ t j1]- Then there are an open 
neighborhood U of the point 7(7-) and a unique automorphisms ip of Q such that 

4> = p o h q on U fl U q . 



By Lemma 5.4, ip is biholomorphic on an open neighborhood of Q. Then passing 
to an open subset of U q containing 7[0, 1] fl U q , if necessary, ip o h q is an analytic 
continuation of (j) on U q . This is a contradiction. This completes the proof. □ 

5.2. On a nonspherical real hypersurface. 

Lemma 5.6. Let M, M' be nonspherical analytic real hypersurfaces and U be an 
open neighborhood of a point p e M . Suppose that M' is compact and the local au- 
tomorphism group of M' at each point q £ M' is compact. Let <f> be a biholomorphic 
mapping of M such that <f>{U fl M) C M'. Then <j) is analytically continued along 
any chain 7 passing through the point p. 

Proof. Suppose that the assertion is not true. Then there is a chain-segment 7 : 
[0, 1] — > M such that 7(0) = p and <fi can be biholomorphically continued along all 
subpath 7[0,r] with r < 1, but not along the whole path. 
Because M' is compact, there exists the limit 

q = lim 0(7(t)) G M'. 



By Lemma 4.2, the subarc <f> o 7 : [0,r] — ► M' is a chain-segment for all r < 1. 



Then, by Theorem 4.21, there exists a chain r" on M' such that 



lim0( 7 [O,r])cr', 



where the condition (4.15) in Theroem 4.21 is satisfied because the local automor 



phism group of M' at each point q G M' is compact. 

Without loss of generality, we may assume that M' is in Moser-Vitushkin normal 
form with the chain V in the M-curve. Since 7 : [0, 1] — > M is a chain-segment, 
there is a chain r on M such that 

7 [o,i]cr. 



Note that <p(U n 7[0, 1]) c V . Then, by Theorem [4.17| , the mapping (j) is biholo- 



morphically continued along the chain T. Since the point 7(1) is an interior point 
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of r, (j) is biholomorphically continued on an open neighborhood of the point 7(1). 
This is a contradiction. This completes the proof. □ 

Theorem 5.7 (Pinchuk, Ezhov-Kruzhilin-Vitushkin). Let M, M' be nonspherical 
connected analytic real hypersurfaces in complex manifolds such that M' is compact 
and every local automorphism group of M' at each point is compact. Suppose that 
there exist an open neighborhood U of a point p of M and a biholomorphic map- 
ping <j) on U such that <f>(U PI M) C M' . Then the mapping <f> is biholomorphically 
continued along any path in M . 

Proof. Suppose that the assertion is not true. Then there is a path 7 : [0, 1] — > M 
such that 7(0) = p and the mapping (j) can be biholomorphically continued along 
all subpath 7[0,t] with r < 1, but not along the whole path. 



Let V be an open neighborhood of the point q = 7(1). Then, by Theorem 4 
there are a real number S > and a point x 6 V fl M such that B(q; S) C V 
and, for each given curve -q : [0, 1] — > B(q; S) n M, there is a continuous family of 
chain-segments 

r : [0, 1] x[o,i]->yn m 

where T(s, •) : [0, 1] — > V PI M is a chain-segment of M for each s 6 [0, 1] satisfying 

T(s, 0) = q and T(s, 1) = r](s) for all s £ [0, 1]. 

We take r such that t < 1 and j[t, 1] C B(q; 5) n M. Then there is a continuous 
family of chain-segments 

T : [t, 1] x [0, 1] -► v n M 

such that 

r(s, 0) = x and T(s, 1) = 7(9) for all s € [r, 1]. 

By Lemma [3J3I, the germ 7t at the point 7(7") is analytically continued to a 
germ X at the point a; along the chain-segment T(t, •). Then, by Lemma |5.6| , the 
germ 4> x is analytically continued to a germ 7s at each point 7^ G 7[r, 1] along the 
chain-segments T(s, •), s G [r, 1]. 

We claim that the germs </> 7s , s £ [r, 1] , are the analytic continuations of the 
germ </> 7x at the point 7(7") along the subarc j[t, 1]. Otherwise, there would exist a 
number r, r < r < 1, such that the germs </> 7s ,s£ [t, ^), are analytic continuations 
of the germ </> 7x at the point 7(7"), but the germ <p lr is not an analytic continuation 
of the germ (/> 7x . By the way, the germ 7r is an analytic continuation of the germ 
4> x . Note that the chain-segment T(r, •) is compact. Thus there is a number e > 
such that each germ 4>r(r,t), < i < 1, at the point T(r, t) converges absolutely and 
uniformly on the open ball B(T(r, t); r). Then we can find a number n, r < r\ < r, 
such that 



r(n,[0,l])c |J B(T(r,t); T ). 



0<t<l 



Note that the germ <j) lr is an analytic continuation of <f> x along the chain-segment 
r(ri, •) and, at the same time, it is an analytic continuation of 4> lr along the subarc 
7[ri,r]. Then, necessarily, </> 7r is an analytic continuation of <f> at the point 7(7") 
along the path j[t, r]. This contradiction proves our claim. 
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Therefore, the mapping <p is analytically continued to an open neighborhood of 
the point q — 7(1) along the path 7[0, 1]. This is a contradiction. This completes 
the proof. □ 

Theorem 5.8 (Pinchuk). Let D,D' be bounded strongly pseudoconvex domains in 
C n+1 with simply connected real-analytic boundaries. Suppose that there is a con- 
nected neighborhood U of a point p £ dD and a biholomorphic mapping <j) on U 
such that 4>(UndD) C dD'. Then <p extends to a biholomorphic mapping of D onto 
D'. 

Proof. Suppose that dD is a nonspherical real hypersurface. Then, by Theorem 



4.11, dD is nonspherical as well. By Theorem 5.7, (f> analytically extends along 
any path on dD. Since dD is simply connected, by the monodromy theorem, <j> 
analytically extend to an open neighborhood of dD as a local biholomorphic map- 
ping. Since dD is compact, <f> : dD — > dD' is a covering map. Since dD' is simply 
connected, cf> : dD — > dD' is a simple covering map so that there is a biholomorphic 
inverse _1 : dD' — > dD. Then, by Hartogs extension theorem, <f>, </> _1 analytically 
extend to open neighborhoods respectively of D, D' . 



Suppose that dD is a spherical real hypersurface. Then, by Theorem 4.11 and 



Lemma 4.12 , dD' is spherical as well. By Theorem 5.2, the domains D,D' are 
both biholomorphic to an open ball B n+1 so that D is biholomorphic to D' . This 
completes the proof. □ 
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